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SELMER GROUPS OF SYMMETRIC POWERS OF ORDINARY MODULAR GALOIS
REPRESENTATIONS
XIAOYU ZHANG
Abstract. Let p be a fixed odd prime number, µ be a Hida family over the Iwasawa algebra of one variable, ρµ
its Galois representation, Q∞/Q the p-cyclotomic tower and S the variable of the cyclotomic Iwasawa algebra.
We compare, for n ≤ 4 and under certain assumptions, the characteristic power series L(S) of the dual of
Selmer groups Sel(Q∞,Sym
2n ⊗ det−nρµ) to certain congruence ideals. The case n = 1 has been treated by
H.Hida. In particular, we express the first term of the Taylor expansion at the trivial zero S = 0 of L(S) in
terms of an L-invariant and a congruence number. We conjecture the non-vanishing of this L-invariant; this
implies therefore that these Selmer groups are cotorsion. We also show that our L-invariants coincide with
Greenberg’s L-invariants calculated by R.Harron and A.Jorza.
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1. Introduction
In this paper we study the relation between Selmer groups and congruence ideals over a cyclotomic tower
for a certain type of Galois representations.
Let’s first recall some history. The congruences between modular forms/automorphic forms have been
investigated by many authors. One kind of congruence is between elliptic cusp forms and Eisenstein series.
This kind of congruence has received much attention. One can use this kind of congruence to study the
Selmer groups of the Galois representation associated to a certain Dirichlet character (see for example [Ri76],
[Wi90]). The Eisenstein series can be seen as a kind of lift of some Dirichlet character from GL1 to GL2.
This point of view can be generalized from GL2 to other groups for the study of Selmer groups of certain
automorphic Galois representations by using congruences between Klingen-Eisenstein series and cusp forms.
(see for example [SU14]).
Another kind of congruence is between cusp forms. This congruence was perhaps first studied numerically
in [DO77] and then the congruence was related to special values of Dirichlet series as investigated in [DH79].
Later works include for example [Hi81a], [Hi81b] and [Ri83]. During further investigations of the relation
between congruence numbers and special L-values, H.Hida developed the theory of ordinary p-adic modular
forms in families (see [Hi06]). Then Hida used his theory to study a third kind of congruence, that is,
between Hida families. Moreover, for an elliptic cusp form f , he related the congruence between the Hida
family containing f and other Hida families to the divisibility of the special values of the complex adjoint
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L-function of f (see [Hi88b] and also the lecture notes [Hi16]). From then on, many generalizations of these
two kinds of congruences have been carried out for Hilbert modular forms (see for example [Gh10], [Dim05]).
In the paper [HT16], a particular type of congruence between cusp automorphic forms is considered by
H.Hida and J.Tilouine. This kind of congruence involves Langlands functoriality from one group to another.
More precisely, fix some odd prime p > 2 and suppose that G and H are two connected reductive algebraic
groups defined over some number field F . Suppose that there is a homomorphism r : LH →L G between the
Langlands’ L-groups LH of H and LG of G. We assume also that the Langlands functoriality H  G for this
homomorphism r is established. Let’s write the resulting transfer map as r∗ : Acusp(G)→ Acusp(H) between
the set Acusp(G), resp. Acusp(H) of cusp automorphic representations of G(AF ), resp. H(AF ). Let π be
a cusp automorphic representation on H and πG be its image (as a packet) under the transfer map r∗. In
[HT16] the congruence between πG and other cusp automorphic representations on the group G is studied.
In fact, the authors study this congruence in p-adic families. That is to say, suppose that we can establish
Hida theory for the groups G and H and let’s write the localized big Hida-Hecke algebras of some suitable
auxiliary conductor (related to that of π) over H, resp. G, as TH , resp. TG. Then the Langlands transfer
morphism r∗ : Acusp(G) → Acusp(H) gives a natural morphism of algebras T
G → TH . Let TH → A be a
Hida family passing through π. As we have said, the study of congruence between the Hida family TH → A
and other Hida families on H was initiated by H.Hida. The authors in [HT16] study more specifically the
congruence between the Hida family on G given by TG → TH (see Definition 4.1) and those not coming
from H. This is equivalent to considering the congruence ideal of the morphism TG → TH . The main result
of [HT16] is to relate congruence ideals to Selmer groups for some twisted symmetric powers of ordinary
modular Galois representations by considering the Langlands functorialities such as Symn−1 : GL2/Q  GLn/Q
(corresponding to the morphism of Langlands L-groups Symn−1 : GL2(C) → GLn(C)), Sym
3 : GL2/Q  
GSp4/Q (corresponding to Sym
3 : GL2(C)→ GSp4(C)) and GSp4/Q  GL4/Q (corresponding to GSp4(C) →֒
GL4(C)) together with some Clebsch-Gordan decompositions for representations of GL2.
Our work can be seen as a generalization of [HT16] in the sense that instead of considering only one field
Q, we consider the p-cyclotomic tower Q∞/Q. In other words, we treat an Iwasawa-theoretic version of the
above congruence problem for the Langlands functorialities Symn−1 : GL2  GLn for each layer of Q∞/Q.
This leads us naturally into the world of Iwasawa theory. Recall that the Iwasawa-Greenberg main conjecture
equates the p-adic L-function of an ordinary Galois representation (whose existence is widely open in many
cases) to the characteristic power series of the Selmer group of this Galois representation up to multiplication
by some unit (see [Gr94, Conjecture 2]). In the various (partially) established cases of the main conjecture,
the congruence ideals play a significant role (see for example [Wi90], [SU14], [Ur17], [Wa13]). The general
strategy for proving that the p-adic L-function divides the characteristic power series of the dual Selmer group
is to insert the congruence ideal (or its characteristic power series): (1) show that the p-adic L-function divides
the congruence power series; (2) show that the congruence power series divides the characteristic power series
of the dual Selmer group. This paper treats the second part (2) of the divisibility (in fact we show an equality
of the two power series over each layer of Q∞/Q).
Let p be an odd prime number. Let ρ : ΓQ → GLm(W ) be an ordinary Galois representation where ΓQ
is the absolute Galois group of Q and W is a p-profinite local ring. The Galois group Gal(Q∞/Q) of the
p-cyclotomic extension Q∞/Q is isomorphic to Zp. We fix a topological generator γ for this Galois group.
Then we have an isomorphism of p-profinite Zp-algebras Zp[[Gal(Q∞/Q)]] ≃ Zp[[S]] by sending γ to 1 + S.
The Greenberg-Iwasawa main conjecture for ρ relates the p-adic L-function Lanp (ρ, S) of ρ to the characteristic
power series Lalgp (ρ, S) of the dual Selmer group Sel(Q∞, ρ)
∗ of ρ under certain conditions.
Now let’s be precise what kind of Galois representations ρ we are going to treat. Suppose that π is a non-
CM holomorphic cusp automorphic representation of GL2(AQ), of conductor N , cohomological for a local
system of highest weight a > 0. Let p > 2 be a prime relatively prime to N where π is ordinary. Let T be the
big Hida-Hecke algebra of auxiliary conductor N . Let Spec(A) be an irreducible component of T; the Hecke
eigensystem for π can be interpolated by a Hida family µ : T → A. Assuming residual irreducibility, one
can associate to µ a Galois representation ρµ : ΓQ → GL2(A) which yields ρπ when specialized in the weight
of π. For any representation σ : ΓQ → GL2(W ), we write A
n(σ) for the symmetric power representation
(Sym2n ⊗ det−n)σ. The Galois representations ρ we will study are these An(ρµ). For the k-th layer Qk of
2
Q∞/Q, we consider the Selmer group Sel(Qk,A
n
µ) defined as follows (see also the beginning of Section 4)
Sel(Qk,A
n
µ) = Ker(H
1(Qk,A
n
µ ⊗A A˜
∗)→
∏
q∤p
H1(Iq,A
n
µ ⊗A A˜
∗)×H1(Ip, (A
n
µ/F
1Anµ)⊗A A˜
∗))
where (FjA
n
µ)j is the filtration on A
n
µ (restricted to the decomposition group Γp over the unique prime p of Qk
above p) derived from the p-ordinarity assumption on the Hida family µ. Then our main result in this paper
can be summarized as: (1) showing the cotorsionness of the Selmer groups Sel(Q∞,A
n(ρµ)) assuming the
non-vanishing of their L-invariants and some other technical hypotheses; (2) interpreting the Selmer groups
in terms of congruence ideals.
To state our result, we need some notations. In Section 2, we will define a rank n unitary definite
algebraic group Gn/Q defined over Q for an integer n ≥ 2. Write Π
Gn for the base change (packet) of
π under the Langlands functorialities GL2/Q  GLn/Q  Gn/Q which correspond to the homomorphisms
LGL2/Q
Symn−1
−−−−−→ LQn/Q →
LGn/Q of their L-groups. We can construct the localized big Hida-Hecke algebra
TGnk , resp. T
◦
k, of auxiliary level N over Gn/Qk := Gn/Q ×Q Qk, resp. GL2/Qk . Assuming the Langlands
functorialities GL2/Qk  GLn/Qk  Gn/Qk for each k, we have morphisms of algebras T
Gn
k → T
◦
k. Tensoring
each of these Hecke algebras with A˜ over the corresponding weight Iwasawa algebra, we get T˜Gnk , resp.
T˜◦k. The above morphisms induce the following morphisms of algebras θ˜
Gn
k : T˜
Gn
k → T˜
◦
k, λ˜
◦
k : T˜
◦
k → A˜. To
each θ˜Gnk , we can associate a congruence ideal cθ˜Gnk
which is an ideal in T˜◦k (see Definition 4.1). For the
Galois representation ρGnµ = Sym
n−1ρµ, we can define an ideal L(Q,Ad(ρ
Gn
µ )), which is an element in the
fraction field of A˜ (see Definition 4.18). We introduce three conditions on the residual Galois representation
ρGnπ = Sym
n−1ρπ: Big(ρ
Gn
π ), Dist(ρ
Gn
π ) and RegU(ρ
Gn
π ) (see Condition 2.7 for their precise formulations).
These three conditions can altogether be roughly stated as: the image of the representation ρGnπ is big, its
restriction to the decomposition group Γp over p is upper triangular with distinct diagonal entries while its
restriction to the inertia subgroups Iq for any q|N is non-trivial.
The following results are proved in [HT16, Corollary 3.5, Corollary 3.9, Section 6]:
Theorem 1.1 ([HT16]). Assume Big(ρGnπ ), Dist(ρ
Gn
π ), RegU(ρ
Gn
π ). Then the (fractional) congruence ideal
λ˜◦0(cθ˜Gn
0
)/λ˜◦0(cθ˜Gn−1
0
) in A˜ is generated by the characteristic element of the dual Selmer group Sel(Q,An−1(ρµ))
∗.
Then our result is a generalization of the above result in the sense that we consider a cyclotomic tower
Q∞/Q instead of a single field Q.
Theorem 1.2. We write Bk = A˜[Gal(Qk/Q)], B = B0 and B∞ = A˜[[S]].
(1) Assume Big(ρπ), Dist(ρπ), RegU(ρπ), L(Q,Ad(ρµ)) 6= 0 and B regular. Then the dual Selmer group
Sel(Q∞,A
1
µ)
∗ is a finitely generated torsion B∞-module. Its characteristic power series L
alg
p (A1µ, S)
has a trivial zero at S = 0 of order 1. Moreover, for any k ≥ 0 and any prime ideal P in Bk of height
one, the ideal cλ˜◦k
(Bk)P in the localization (Bk)P is generated by the Fitting ideal of Sel(Qk,A
1(ρµ))
∗
in Bk (up to a factor a power of p if k > 0). Equivalently, it is generated by the image in Bk of the
element Lalgp (A1(ρµ), S)/(SI
GL2
k ) (up to a factor a power of p if k > 0).
(2) Assume Big(ρGnπ ), Big(ρ
Gn
π ), RegU(ρ
Gn
π ), L(Q,Ad(ρ
Gn
µ )) 6= 0, L(Q,Ad(ρ
Gn−1
µ )) 6= 0, and B regular.
Then the dual Selmer group Sel(Q∞,A
n−1(ρµ))
∗ is a finitely generated torsion B∞-module. Its char-
acteristic power series Lalgp (An−1(ρµ), S) has a trivial zero at S = 0 of order 1. Moreover, for any
k ≥ 0 and any prime ideal P in Bk of height one, the (fractional) ideal λ˜
◦
k(cθ˜Gnk
)/λ˜◦k(cθ˜Gn−1k
)(Bk)P is
generated by the Fitting ideal of Sel(Qk,A
n−1(ρµ))
∗ over Bk (up to a factor a power of p if k > 0).
Equivalently, it is generated by the image in Bk of the element L
alg
p (An−1(ρµ), S)/S × I
Gn−1
k /I
Gn
k (up
to a factor a power of p if k > 0).
See Theorem 4.23 and Theorem 4.27 for precise statements. See Definition 4.18 for the elements IGL2k ,
IGnk , which are related to the L-invariants of Ad(ρ
Gn
µ ).
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As we have mentioned, the congruence ideals cλ˜◦k
, λ˜◦k(cθ˜Gnk
)/λ˜◦k(cθ˜Gn−1k
) are conjectured of automorphic
nature. In other words, these congruence ideals are (conjecturally) related to the special values of the
complex L-functions L(An−1(ρπ), s) of the Galois representation A
n−1(ρπ). One can get some evidence for
this from a result of Hida in [Hi16, Corollary 5.8(2)].
Theorem 1.3. We assume Big(ρπ) and p ∤ 6ϕ(N). Suppose that A˜→ A˜/Pπ is the specialization to π, then
the ideal cλ˜◦
0
(mod Pπ) in A˜/Pπ is generated by
W (π)N (a+1)/2
L(Ad(π), 1)
Ω(+, π)Ω(−, π)
where W (π) is a non-zero complex number measuring the difference between the actions of the involution(
0 −1
N 0
)
and the complex conjugation on the representation π (see [Hi16, end of p.31] for the precise
definition of W (π)) and Ω(±, π) are fundamental periods of π.
See Remark 4.25 for a detailed discussion on relating congruence ideals to special L-values.
Now let’s turn to L-invariants. In the above theorem, we have in fact obtained some information on the
trivial zero S = 0 of the characteristic power series Lalgp (An−1(ρµ), S): it is of order 1 and the first term of
the Taylor expansion of Lalgp (An−1(ρµ), S) at S = 0 is L(Q,A
n−1(ρµ))char(Sel(Q,A
n−1(ρµ))
∗) where
L(Q,An−1(ρµ)) = I
Gn
0 /I
Gn−1
0 .
In [HJ17], the L-invariants LGr(An(ρπ)) of Greenberg of these Galois representations A
j(ρπ) are calculated.
So it is natural to compare our L(Q,An(ρµ)) to the formula in [HJ17] (for the ordinary case, the L-invariant
LGr(Q,An(ρµ)) is just the one of Greenberg in [Gr94], which can be easily deduced from the general formula
in [HJ17]). Our second result is the following (see Theorem 5.8).
Theorem 1.4. Let n ≥ 1 be an integer. Assume Big(ρGnπ ), Dist(ρ
Gn
π ), RegU(ρ
Gn
π ), L(Q,Ad(ρ
Gn−1
µ )) 6= 0
and A˜ regular. Let z0 be a specialization of A0 to the automorphic form π. Then
z0(L(Q,A
n(ρµ))) = L
Gr(An(ρµ)).
The paper is organized as follows. In Section 2 we recall and generalize some results on the modularity
lifting on definite unitary groups in [HT16]. In Section 3 we review some results on the functoriality on the
Hecke side and the Galois side with respect to the base change. In Section 4 we study the cotorsionness of
the Selmer groups Sel(Q∞,A
n(ρµ)) and get a more precise structure on their characteristic power series. In
Section 5 we compare our L(Q,An(ρµ)) to the L-invariants L
Gr(Q,Aj(ρµ)) in [HJ17].
Notations. We fix an odd prime number p > 2, an integer n > 0 prime to p. The absolute Galois group of
a number field L is denoted by ΓL, the decomposition group of L at a prime q of L is denoted by Γq and the
inertia subgroup is denoted by Iq. Write L
+
1 /L
+ for a p-cyclic Galois extension of totally real number fields of
degree d, both totally ramified over p, unramified outside p, whose p-adic completions do not contain the p-th
roots of unity. Denote by ∆ the Galois group Gal(L+1 /L
+). Let d = [L+ : Q]. Let H be a commutative ring or
a module over some ring with an action of a group ∆, then we write H∆ for the quotient H/H
∑
δ∈∆(δ−1)H
if H is a ring, and H/
∑
δ∈∆(δ − 1)H if H is a module. The Galois groups of the p-cyclotomic extension are
given as in the graph below. We fix a generator γ of Γ and γk = γ
pk is thus a generator of Γk.
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QQ∞
Qk
Qk′
Q
ΓQ
Γk
Γ ∆k,k′
∆k′
2. R = T theorems for definite unitary groups
In this section we review some results of [HT16, Section 2].
We fix a positive integer n prime to p, a square-free integer N = q1q2 . . . qs prime to p, where we require
s > 1 if n = 2m with m an odd integer and d also an odd integer, otherwise we just require s > 0. Let F be
an imaginary quadratic field such that F/Q is unramified outside Np, p splits in F , q1 splits in F as q1q
c
1,
and q2 is inert in F (if s ≥ 2). Let K be a sufficiently large p-adic field and O its integer ring, F its residue
field. We then follow [HT16, Section 2.1] to construct a definite unitary group as follows. Let D be a central
simple algebra over F of rank n whose ramification set SD consists of primes above q1 (i.e. SD = {q1, q
c
1}).
By [Cl91, (2.3) and Lemme 2.2], one has the following observation
(1) If n is an odd multiple of 2, then there is an involution of second kind † on D such that † is positive
definite at ∞ and the associated unitary group U(D, †) over Q is quasi-split at all inert places except
possibly the place q2;
(2) Otherwise, there is an involution of second kind † on D such that † is positive definite at ∞ and the
associated unitary group U(D, †) is quasi-split at all inert places.
We choose one such involution † as in the observation and write G′ = G′n = U(D, †).
Let L+ be a totally real number field totally ramified at p and L = L+F . The unique prime of L+ over
p is denoted by pL+ , the primes of L over p are then denoted by PL+ ,P
c
L+ . We often drop the subscript
L+ when there is no ambiguity. We write L+p , resp. LP, for the completions of L
+, resp. L, over the prime
p, resp. P. We denote Op, resp. OP , the integer rings of L
+
p , resp. LP. We have natural isomorphisms
L+p ≃ LP and Op ≃ OP. If L
+ = Qk, we write pk = pQk and Pk = PQk , P
c
k = P
c
Qk
. Now we set
G = Gn = G
′ ×Q L
+,
the base change of the algebraic group G′ from Q to L+.
Let Bn = TN = TnN be the standard Borel subgroup of GLn, where T = Tn is the standard maximal
torus in GLn and N is the nilpotent radical of Bn. Moreover, let T
ss be the intersection T
⋂
SLn, or
equivalently, the semi-simple part of T . We fix a level subgroup U p =
∏
q|N Uq × U
Np ⊂ G(AL+) of Iwahori
type (i.e. for each prime q of L+ dividing N , Uq is the standard Iwahori subgroup of Gq if G is quasi-split
at q and is a minimal parahoric subgroup of Gq otherwise). We set Up to be the image of GLn(Op) under
the isomorphism GLn(L
+
p ) ≃ G(L
+
p ) (we use this isomorphism to identify Up as a subgroup of GLn(L
+
p )).
We write U = U p × Up. Let Iw ⊂ Up be the Iwahori subgroup. For any integers c ≥ b ≥ 0, we set Iw
b,c to
be the set of matrices which are upper triangular modulo pc and are upper triangular with diagonal entries
(1, 1, . . . , 1, ∗) modulo pb. We set U b,c = U p× Iwb,c. A regular dominant weight for the group G is an element
λ = (λτ )τ ∈ (Z
n/Z(1, 1, . . . , 1)){L→K} such that for each embedding τ : L→ K, λτ,1 ≥ λτ,2 ≥ . . . ≥ λτ,n where
λτ = (λτ,1, λτ,2, . . . , λτ,n), moreover, for each τ , there is at least one strict inequality λτ,i > λτ,i+1. LetWλτ (O)
be the algebraic induction of w0(λτ,1 − λτ,n, λτ,2 − λτ,n, . . . , 0) from Bn to the whole group GLn, where w0 is
the longest element of the Weyl group of GLn (see[PT02]). Write then Wλ(O) = ⊗τWλτ (O). We define the
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O-module Sλ(U
b,c;O) of cusp forms of level U b,c for G to be the set of functions f : G(L+)\G(Af
L+
)→ Wλ(O)
such that for any u ∈ U b,c and x ∈ G(L+)\G(Af
L+
), f(xu) = u−1p f(x). For c > 0, we define hλ(U
b,c;O) to
be the O-algebra of endomorphisms of Sλ(U
b,c,O) generated by the Hecke operators of the following three
types (for any prime Q of L with uniformizer ̟Q, the matrix α(̟Q, i) is the diagonal matrix of size n × n
with diagonal entries (̟Q, . . . ,̟Q, 1, . . . , 1) where exactly the first i terms are ̟Q (1 ≤ i ≤ n))
(1) If the prime Q is prime to Np, TQ,i = [U
b,cα(̟Q, i)U
b,c]λ (1 ≤ i ≤ n);
(2) For the prime P, UP,i = (w0λ)(α(̟P, i))
−1[U b,cα(̟P, i)U
b,c]λ (1 ≤ i ≤ n− 1);
(3) For any u ∈ T ss(Op), 〈u〉λ = [U
b,cuU b,c]λ.
Here the operator [U b,caU b,c]λ is defined as: write the coset decomposition U
b,caU b,c =
⊔
j ajU
b,c, then for
any s ∈ Sλ(U
b,c;O) and x ∈ G(L+)\G(Af
L+
), ([U b,caU b,c]λs)(x) =
∑
j(aj)p(s(xaj)) (see [Ge10, Section 2.3]).
We write eh = ehL+ = lim
←c
ehλ(U
c,c;O) for the big Hida-Hecke algebra, where e is the ordinary idempotent
corresponding to
∏
i UP,i. It is reduced and is a finitely generated torsion-free algebra over the weight
algebra Λ = ΛL+ = O[[T
ss(P)]] where T ss(P) = Ker(T ss(OP)→ T
ss(OP/P)) (see [Ge10, Lemma 2.4.4 and
Corollary 2.5.4]). The Λ-algebra structure on eh is via the diamond operators 〈u〉0 for u ∈ T
ss(P) (see [Ge10,
Definition 2.6.2]). Note that [L+p : Qp] = d, we choose a basis u
′
1, u
′
2, . . . , u
′
d of the free Zp-module Op. If we
write ui = 1 +̟pu
′
i ∈ O
×
p , then one can show that there is an isomorphism of p-profinite O-algebras
Λ ≃ O[[X
(1)
1 ,X
(1)
2 , . . . ,X
(1)
n , . . . ,X
(d)
n ]]/(
n∏
j=1
X
(1)
j = 1, . . . ,
n∏
j=1
X
(d)
j = 1)
by taking the diagonal matrix diag(1j−1, ui, 1n−1−j , u
−1
i ) to the element (1 +X
(i)
j )/(1 +X
(i)
n ).
We write Gn for the algebraic group scheme over Spec(Z) defined in [CHT08, Section 2.1]: Gn is the semi-
direct product (GL1×GLn)⋊Z/2Z of the group GL1×GLn by Z/2Z = {1, j} with the group action of Z/2Z
on GL1 × GLn given by j(x, g)j
−1 = (x, x(g−1)t)), where (g−1)t is the transpose of the matrix g−1 ∈ GLn.
We write the projection to the first, resp. second factor, of Gn as pr1 : Gn → GL1, resp. pr2 : Gn → GLn.
Let Π be a cusp p-ordinary automorphic representation of G which is Steinberg at all primes w of L
dividing N . Recall the following result of D.Geraghty.
Theorem 2.1 (Proposition 2.7.2, Corollary 2.7.8 of [Ge10]). Let λ be a regular dominant weight for G. Sup-
pose Π is an irreducible constituent of the G(A∞,p
L+
)×Iw -representation Sλ(Qp) with Π
U0,1
⋂
eSλ(U
0,1,O) 6= {0}.
Let uP,i denote the eigenvalue of UP,i on Π
U0,1
⋂
eSλ(U
0,1,O) for 1 ≤ i ≤ n− 1. Then there exists a contin-
uous semi-simple representation
ρΠ : ΓL+ → Gn(Qp)
such that
(1) for any prime q in L+ dividing Np and splitting in L as QQc, ρΠ is unramified at q and the charac-
teristic polynomial of ρΠ(Frob(Q)) is
Xn − TQ,iX
n−1 + . . .+ (−1)iN(Q)i(i−1)/2TQ,iX
n−i + . . .+ (−1)nN(Q)n(n−1)/2TQ,n
where N(Q) is the norm of the prime ideal Q;
(2) The representation ρΠ is self-dual conjugate: ρ
c
Π ≃ ρ
∨
Πχ
1−n;
(3) For any prime q in L+ which is inert in L and prime to Np, ρΠ is unramified at q;
(4) If moreover the weight λ is regular (this means that λτ,1 > 0 for some embedding τ : L → K),
then the representation ρΠ is crystalline and ordinary at P and P
c. More precisely, the restriction
representation ρΠ|ΓP is conjugate to an upper triangular representation

ψP,1 ∗ . . . ∗
0 χ−1ψP,2 . . . ∗
...
...
. . .
...
0 0 0 χ−(n−1)ψP,n


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where ψP,i◦ArtP : L
×
P → K is characterized by: (1) for any x ∈ O
×
P, ψP,i◦ArtP(x) =
∏
τ : L→K τ(x)
−λτ,n+1−i ,
(2) ψP,i ◦ ArtP(̟P) = uP,i/uP,i−1 (here we put λτ,n = 0 for any τ : L → K, uP,0 = 1 = uP,n and
Artp is the local Artin reciprocity symbol). Similar for P
c.
Remark 2.2. Note that by 4) of the above theorem, for any x ∈ O×P, ψP,1 ◦ ArtP(x) = 1. This shows that
the character ψP,1 is unramified when restricted to ΓP.
We recall the notion of liftings/deformations of residue Galois representations.
Definition 2.3. Let CNLO be the category of complete noetherian local O-algebras B with residue field
B/mB = F. For an object B in CNLO, a continuous homomorphism r : ΓL+ → Gn(B) is called a lifting of
ρ¯Π if r ≡ ρ¯Π (mod mB).
Two such liftings r, r′ : ΓL+ → Gn(B) are said to be equivalent if there exists some matrix g ∈ 1 +mBMn(B)
such that r′ = grg−1.
We write T = TL+ for the localization of eh at the maximal ideal associated to the residue Galois
representation ρΠ. Then we have the following result on the liftings of ρΠ to Gn(T).
Theorem 2.4 (Proposition 2.7.4 of [Ge10], Proposition 2.8 of [HT16]). The same notations and assump-
tions as the above theorem. Assume moreover that ρΠ is absolutely irreducible. Then there exists a unique
equivalence class of continuous liftings
ρT : ΓL+ → Gn(T)
of ρΠ such that
(1) For any prime q in L+ splitting in L as QQc, ρT is unramified at Q and Q
c. Moreover, the charac-
teristic polynomial of ρT(FrobQ) is
Xn − TQ,1X
n−1 + . . .+ (−1)jN(Q)j(j−1)/2TQ,jX
n−j + . . .+ (−1)nN(Q)n(n−1)/2TQ,n.
(2) The matrix ρT(FrobP) has the following characteristic polynomial
P (FrobP,X) =
n∏
j=1
(X −N(P)j−1
uP,j
uP,j−1
∏
τ : L→K
̟
λτ,n+1−j
P ).
We next define a deformation functor D = DL+ from CNLO to the category Sets.
Definition 2.5. The functor D takes an object A in CNLO to the set of equivalence classes of liftings
r : ΓL+ → Gn(A) of ρ¯Π satisfying the following conditions:
(1) For each prime v of L+ dividing N , there exists gv ∈ 1 + mAMn(A) such that for any σ ∈ Iv,
pr2 ◦ r(σ) = gv exp(tp(σ)Nn)g
−1
v where Nn is the following matrix
Nn =


0 1 0 . . .
0 0 1 . . .
. . . . . . . . . . . .
0 0 0 1
0 0 0 0

 .
(2) The representation r is ordinary at p. More precisely, there exists some matrix g ∈ 1 + mAMn(A)
such that
pr2 ◦ r|ΓP = g


ψr,p,1 ∗ . . . ∗
0 χ−1ψr,p,2 . . . ∗
. . . . . . . . . . . .
0 0 0 χ−(n−1)ψr,p,n

 g−1
where ψr,p,j is a lifting of ψp,j. Moreover, we require that ψr,p,1 is unramified when restricted to ΓP;
(3) r is unramified outside Np.
Remark 2.6. By [HT16, Remark 2.2 and Proposition 2.8], (the equivalence class of) the Galois representation
ρT lies in D(T).
We will consider the following conditions which will be used throughout the paper.
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Condition 2.7. (1) Big(ρΠ): there is a subfield F
′ ⊂ F such that Symn−1SL2(F
′) ⊂ Im(ρΠ);
(2) Dist(ρΠ): the characters on the diagonal of the residue representation ρ|Γp are mutually distinct;
(3) RegU(ρΠ): for any prime v of L
+ dividing N , the restriction of the residue Galois representation ρΠ
to the inertia subgroup Iv is regular unipotent modulo p,
Remark 2.8. It is easy to see that Big(ρΠ) implies the absolute irreducibility of the Galois representation
ρΠ.
The following lemma describes how these conditions change if we vary the base field L+ or the representation
ρΠL+ .
Lemma 2.9. For the extension L+1 /L
+, we have
(1) Big(ρΠ) implies Big(ρΠ|Γ
L+
1
);
(2) Dist(ρΠ) implies Dist(ρΠ|Γ
L
+
1
);
(3) RegU(ρΠ) implies RegU(ρΠ|Γ
L+
1
);
(4) Suppose that L+ = Q and Π is an ordinary cusp automorphic representation on GL2(AL+), then
Dist(Symn+1ρΠ) implies Dist(Sym
nρΠ).
Proof. We write ρ = ρΠ and ρ1 = ρΠ|Γ
L+
1
.
(1) Assume Big(ρ). Note that SL2(F) is a simple group, so is Sym
n−1SL2(F). Im(ρ|Γp
L+
1
) is a normal
subgroup of Im(ρ|Γp
L+
), so we have the following division
#(
Symn−1SL2(F)
Symn−1SL2(F)
⋂
Im(ρ|Γp
L+
1
)
)|#(
Im(ρ|Γp
L+
)
Im(ρ|Γp
L+
1
)
).
By comparing the cardinals of both sides, we conclude that Symn−1SL2(F) ⊂ Im(ρ|Γp
L
+
1
);
(2) Assume Dist(ρ). Then the characters of the diagonal entries of ρ|Γp
L+
take value in F×. So the
problem is reduced to showing that any character Γp
L+
1
→ F× can be extended to ΓpL+ → F
× in
at most one way. The number of extensions is in one-to-one correspondence with the cohomological
group H2(∆,F×). This group vanishes because #F× is prime to #∆;
(3) Assume RegU(ρ). For any prime l dividing N , since L+1 /L
+ is unramified over l, so for any prime v
of L+ over l and any prime w of L+1 over v, the inertia subgroups Iv = Iw. Therefore it is clear that
RegU(ρ) implies RegU(ρ1);
(4) Suppose the diagonal entries of ρ|Γp
L+
are ψ1, ψ2. Then Dist(Sym
n+1ρ) implies that (ψ1/ψ2)
(n+1)! 6=
1. Clearly this implies (ψ1/ψ2)
n! 6= 1, from which we deduce Dist(Symnρ).

Proposition 2.10. Assume Big(ρΠ) and Dist(ρΠ), then the deformation functor D is representable by a
universal pair (R = RL+ , ρ = ρL+).
The proof is the same as [HT16, Lemma 2.6]. We denote the diagonal entries of the Galois representation
ρ|ΓP by diag(ψ1, ψ2, . . . , ψn) = diag(ψL+,1, ψL+,2, . . . , ψL+,n).
We can then use the arguments in [HT16, Sections 2.4-2.7] to prove the following.
Theorem 2.11. Assume Big(ρΠ), Dist(ρΠ) and RegU(ρΠ), then we have an isomorphism of complete
intersection Λ-algebras
R ≃ T.
Remark 2.12. (1) The Λ-algebra structure on R is given by the characters (ψ1, ψ2, . . . , ψn) restricted to
the inertia subgroup IP. More precisely, we send 1+X
(j)
i ∈ Λ to ψn+1−i◦Artp(uj)
−1 for i = 1, 2, . . . , n
and j = 1, 2, . . . , d;
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(2) The Λ-algebra structure on T is induced from that on h, i.e. it is given by the diamond operators 〈u〉0
for u ∈ T ss(P);
(3) These two algebra structures are compatible with the isomorphism R ≃ T in Theorem 2.11. To prove
this, it suffices to show that for each specialization T → T/Pλ of T of any dominant weight λ, the
associated Galois representation ρλ : ΓL+ → Gn(T/Pλ), when restricted to the decomposition group
ΓpL+ , has diagonal entries induced from the Λ-algebra structure on T/Pλ. This follows from [Ge10,
Proposition 2.6.1, Corollary 2.7.8 (i)].
This remark will be used later when the base field L+ varies and show the compatibility of this isomorphism
RL+ ≃ TL+ with respect to this base change.
3. Some base changes
In this section we review some results concerning cyclic base change on automorphic representations and
cyclic base change on deformation functors and universal deformation rings.
3.1. Cyclic base change of automorphic representations. Let L+1 /L
+ be a p-cyclic finite extension of
totally real number fields, such that L+1 and L
+ are both totally ramified at p, unramified outside p. Let
π = πL+ be a cusp automorphic representation on GLn/L+ . Then by [Cl91], there is a cusp automorphic
representation Π = ΠL+ on the unitary group Gn/L+ which is the descent of πL+ from GLn/L+ . By [AC89],
there is a cusp automorphic representation πL+
1
on GLn/L+
1
which is the automorphic cyclic base change
GLn/L+  GLn/L+
1
of πL+ . Applying again [Cl91], there is a cusp automorphic representation ΠL+
1
on
Gn/L+
1
, the automorphic descent of πL+
1
from GLn/L+
1
.
πL+/(GLn/L+) πL+
1
/(GLn/L+
1
)
ΠL+/(Gn/L+) ΠL+
1
/(Gn/L+
1
)
Recall that by Theorem 2.4, there exists an ordinary Galois representation ρT : ΓL+ → Gn(T) lifting the
residue Galois representation ρΠL+ which is given by Theorem 2.1. Similarly, there exists an ordinary Galois
representation ρTL+ : ΓL+1
→ Gn(TL+
1
) lifting ρΠ
L+
1
.
Suppose that the characteristic polynomials P (Frobq,X) have the factorization (in some finite flat extension
of TL+ depending on q)
P (Frobq,X) =
n∏
j=1
(X − αq,j).
Similarly, for a prime Q of L1 prime to Np splitting in L1/L
+
1 , suppose that P (FrobQ,X) has the following
factorization (in some finite flat extension of TL+
1
depending on Q)
P (FrobQ,X) =
n∏
j=1
(X − αQ,j).
Then we have the following proposition analogous to [HT16, Proposition 2.3].
Proposition 3.1. There exists a ring homomorphism θ : TL+
1
→ TL+ above the algebra homomorphism
ΛL+
1
→ ΛL+ (which is induced by the norm map (L
+
1 )
× → (L+)×). The morphism θ is characterized by the
following fact: suppose that Q is a prime of L1 prime to Np, splitting in L1/L
+
1 , lying over a prime q of L,
which splits in L/L+, then
(1) θ takes the polynomial P (FrobQ,X) =
∏n
j=1(X − αQ,j) to the polynomial
n∏
j=1
(X − α
f(q)
q,j )
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where f(q) is the residue degree of Q over q;
(2) θ takes UPL1 ,j to UPL,j for j = 1, 2, . . . , n− 1 for PL1 dividing PL.
Proof. (1) We write tQ for the Hecke parameter associated to the (local factor) admissible automorphic
representation ΠL+
1
,Q of ΠL+
1
. Similar definition for tq. Then by the result in [AC89, Chapter 3], we
have
tQ = (tq)
f(q).
Using the Satake parameters, we can translate this relation in terms of eigenvalues of the matrix of
the Frobenius elements FrobQ and Frobq
αQ,j = (αq,j)
f(q).
(2) Since L+1 /L
+ is totally ramified over p, in the natural isomorphism
ΓPL1/IPL1 ≃ ΓPL/IPL ,
the Frobenius FrobPL1 is taken to FrobPL . Translating back to the Hecke side, we see that UPL1 ,j is
taken by θ to UPL,j for j = 1, 2, . . . , n − 1.

Suppose that λL+ : TL+ → AL+ is a Hida family passing through ΠL+ . This implies that Spec(AL+) is
an irreducible component of Spec(TL+) corresponding to a minimal prime ideal PL+ of TL+ . We have the
following
Proposition 3.2. Let L+1 /L
+ be as above. There exists a Hida family λL+
1
: TL+
1
→ AL+
1
passing through
ΠL+
1
such that the composition TL+
1
→ TL+ → AL+ factors through AL+
1
.
Proof. Recall the morphism θ : TL+
1
→ TL+. It suffices to show that there is a minimal prime ideal PL+
1
of
TL+
1
such that θ(PL+
1
) ⊂ PL+ . Note that θ
−1(PL+) is a prime ideal of TL+
1
. So there exists such a minimal
prime ideal PL+
1
contained in θ−1(PL+) (use the fact that a local Noetherian ring has finite Krull dimension).
This minimal prime ideal PL+
1
gives rise to a Hida family passing through ΠL+
1
by the following commutative
diagram.
TL+
1
TL+
1
/PL+
1
TL+ TL+/PL+ O

3.2. Base change of deformation functors. Consider the deformation functors DL+ and DL+
1
. It is easy
to see that if r : ΓL+ → Gn(B) is a lifting of ρΠ for some object B in CNLO, then r|Γ
L+
1
is a lifting of ρΠ|Γ
L+
1
(for places dividing N , one uses Lemma 2.9 (3)). So we have a natural homomorphism of O-algebras
α : RL+
1
→ RL+
The following lemma implies that the map α is compatible with the map of weight spaces
Lemma 3.3. We have the following commutative diagram of algebras
ΛL+
1
RL+
1
TL+
1
ΛL+ RL+ TL+
Norm
≃
α θ
≃
10
Proof. Only the commutativity of the left half of the diagram needs proof (the right half follows from Remark
2.12 (3) and Proposition 3.1).
By Remark 2.12, the ΛL+-algebra structure onRL+ is given by the universal characters ψL+,j : ΓpL+ → (RL+)
×
for 2 ≤ j ≤ n. Similarly for the ΛL+
1
-algebra structure on RL+
1
. The commutativity of the following left
diagram for all 2 ≤ j ≤ n gives the commutativity of the following right diagram by local class field theory.
Γp
L+
1
(RL+
1
)× ΛL+
1
RL+
1
ΓpL+ (RL+)
× ΛL+ RL+
ψ
L+
1
,j
α
(ψ
L+
1
,j
)j
Norm α
ψL+,j (ψL+,j)j

The group ∆ acts on the deformation functor DL+
1
, the universal deformation ring RL+
1
, the weight Iwasawa
algebra ΛL+
1
and the Hecke algebraTL+
1
in the following way (see [Hi94, Section 2.2] or [Hi00, Section 3.2]). For
any element σ ∈ ΓL+ , any object A in CNLO and any deformation [r] ∈ DL+
1
(A), we fix a lifting ℓ(σ) ∈ Gn(A)
of ρπ(σ) = r(σ) ∈ Gn(F) (such a lifting always exists since the group Gn is smooth over Z, and thus smooth
over O). Then we define a map rσ : ΓL+
1
→ Gn(A) by sending g to ℓ(σ)
−1ρ(σgσ−1)ℓ(σ). It is easy to verify
that rσ is a Galois representation of ΓL+
1
, that [rσ] is a deformation in DL+
1
(A), that [rσ] is independent of
the choice of the representative r in the equivalence class [r] ∈ DL+
1
(A) as well as ℓ(σ), and that [rσ] = [r] if
σ ∈ ΓL+
1
. As a result, the map [r] 7→ [rσ] gives an action of ΓL+ on DL+
1
, and moreover this action factors
through ∆ = ΓL+/ΓL+
1
. By posing A = RL+
1
and by the definition of the universal deformation ring RL+
1
, we
see that the action of σ ∈ ∆ on DL+
1
gives rise to an action on RL+
1
, which we denote by φσ : RL+
1
→ RL+
1
,
an automorphism of the O-algebra RL+
1
. We next define an action of ∆ on the weight Iwasawa algebra ΛL+
1
.
Recall that ΛL+
1
= O[[T ss(PL+
1
)]] where T ss(PL1) = Ker(T
ss(OPL1 ) → T
ss(OPL1/PL1)). By the natural
isomorphism ∆ = Gal(L+1 /L
+) ≃ Gal((L1)PL1/LPL), ∆ acts on T
ss(PL1), and thus on ΛL+
1
. If we write
ΛL+
1
,L+ = Im(ΛL+
1
→ ΛL+), then it is easy to verify that ΛL+
1
,L+ ≃ (ΛL+
1
)∆. Moreover, we can verify that
the actions of ∆ on ΛL+
1
and on RL+
1
are compatible with the algebra homomorphism ΛL+
1
→ RL+
1
(indeed,
the action of ∆ on RL+
1
induces actions on the characters ψL+
1
,j given by (ψL+
1
,j)
σ(g) = ψL+
1
,j(σgσ
−1) by the
assumption Dist(ρπ). The latter is the same as the action of ∆ on OPL1 by local class field theory). Then
we define an action of ∆ on the big Hida-Hecke algebra TL+
1
. Any element σ ∈ ∆ sends Hecke operators
TQL1 ,i to Tσ(QL1 ),i, UPL1 ,i to Uσ(PL1 ),i, and sends the diamond operators 〈u〉0 to 〈σ(u)〉0 with u ∈ T
ss(OpL+ ).
Clearly, these actions of ∆ on TL+
1
and on ΛL+
1
are compatible with the ΛL+
1
-algebra structure on TL+
1
. The
compatibility of the actions of ∆ on RL+
1
and on TL+
1
follows from the Satake isomorphism for places of L+1
unramified for π and the assumption Dist(ρπ) for the place of L
+
1 above p.
Recall that we denote the quotient RL+
1
/Σσ∈∆RL+
1
(σ − 1)RL+
1
by (RL+
1
)∆. We have the following control
theorem on the universal deformation rings/Hecke algebras with respect to the base change L+1 /L
+.
Theorem 3.4. Assume Dist(ρΠ), then (RL+
1
)∆ ≃ (TL+
1
)∆ ≃ RL+ ≃ TL+.
Proof. We give two proofs of this proposition.
The first proof is as follows: by Proposition 3.1, it is clear that (TL+
1
)∆ injects into TL+ . It then suffices
to show that (RL+
1
)∆ surjects onto RL+ . In other words, we have to show that for any two deformations
[r], [r′] ∈ DL+(A) such that [r|Γ
L+
1
] = [r′|Γ
L+
1
] ∈ DL+
1
(A), then [r] = [r′]. We can show (see [Hi94, Corollary
A.2.1])
{r ⊗ ψ : ψ ∈ Hom(∆, 1 +mB)} = {r
′′ ∈ DL+(B) : [r
′′|Γ
L+
1
] = [r|Γ
L+
1
]}.
So r′ = r ⊗ ψ for a character ψ : ∆ → 1 + mB . Note that det(r
′|ΓpL+ ) = χ
−n(n−1)/2 = det(r|Γp
L+
). Thus
ψn = 1. Since ∆ is a p-group while n is prime to p, so ψ = 1 and [r′] = [r].
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The second proof follow the ideas of Hida in [Hi94, Theorem 2.1]. We consider the two following auxiliary
deformation functors
DL+
1
,L+ : CNLO → Sets,
A 7→ {[r|Γ
L+
1
] ∈ DL+
1
(A) : [r] ∈ DL+(B) for a flat A-algebra B ∈ CNLO};
D∆
L+
1
: CNLO → Sets,
A 7→ {[r] ∈ DL+(A) : r
σ ≃ r,∀σ ∈ ∆}.
One sees that there are natural transformations of functors: DL+
α1−→ DL+
1
,L+
α2−→ D∆
L+
1
α3−→ DL+
1
such that
α3 ◦ α2 ◦ α1 = α. We first show that α1 and α2 are isomorphisms. Fix an arbitrary object A in CNLO and
an arbitrary deformation [r] ∈ D∆
L+
1
(A).
To prove that α2 is an isomorphism, it is enough to show that there exists an extension r
′ ∈ DL+(B) of r
for some flat A-algebra B ∈ CNLO. It is not hard to show that there exists a faithfully flat A-algebra B in
CNLO such that r extends to a Galois representation r
′ : ΓL+ → Gn(B) with r
′ lifting ρΠ (the arguments in
[Hi94, Corollary A.1.3] work through for representations taking values in Gn(A) instead of GLn(A)). Next we
verify that r′ ∈ DL+(B). For each prime q of L
+ dividing N and a prime Q of L+1 over q, we have Iq = IQ.
So the Q-minimality of r implies the q-minimality of r′ and thus r′ satisfies the N -minimality condition. We
can assume that r|Γp
L+
1
is an upper triangular representation (up to conjugation). Suppose that r′ acts on
the B-free module V of rank n and r fixes a non-zero vector 0 6= x ∈ V by r(σ)x = ψ1(σ)x for any σ ∈ Γp
L+
1
(this vector is unique up to a scalar multiplication since we have assumed that the diagonal entries of the
representation r are distinct). Now for any τ ∈ ΓpL+ , we set σ
τ := τ−1στ ∈ Γp
L+
1
, then στ = τστ . Therefore
r′(σ)r′(τ)x = r′(τ)r′(στ )x = r′(τ)ψ1(σ
τ )x = ψ1(σ
τ )r′(τ)x.
Modulo the two ends of the above equation by mB, we get
r′(σ)r′(τ)x = ψ1(σ
τ )r′(τ)x.
Note that the residue representation r′|Γp
L+
= ρΠ|Γp
L+
is upper triangular with distinct diagonal entries
ψ1, ψ2, . . . , ψn. So a priori we have also
r′(σ)r′(τ)x = ψ1(σ)r
′(τ)x.
By assumption r is invariant under the action of ∆, so are ψ1 and ψ1. Therefore ψ1(σ) = ψ1(σ
τ ). Since
these characters ψ1, ψ2, . . . , ψn are distinct, we conclude that ψ1(σ
τ ) = ψ1(σ). This shows that τ leaves Bx
stable and thus acts as a non-zero scalar in B×. This shows that we can extend the character ψ1 from Γp
L+
1
to the larger group ΓpL+ by setting ψ1(τ) to be the above scalar. Then we can consider the representation
V/Bx and repeat the above argument for ψ2 (induction on ψi) and we conclude that r extends to an upper
triangular representation r of ΓpL+ . This shows that α2 is an isomorphism.
To show that α2 ◦α1 is an isomorphism, it is sufficient to show that the above extension r
′ is unique. This
is the same as the second part of the first proof. It is not hard to show that the functor D∆
L+
1
, resp. DL+,L+
1
is
representable by (RL+
1
,∆, ρL+
1
(mod a)), resp. (Im(α), α(ρL+
1
)) (see [Hi94, Proposition A.2.2]) where a is the
ideal
∑
γ∈∆RL+
1
(γ − 1)RL+
1
of RL+
1
(see [Hi94, Proposition A.2.1]). So we conclude that Im(α) = RL+ and
the theorem follows. 
We deduce the following result on the control of the Ka¨hler differentials.
Corollary 3.5. Suppose that B is an RL+-algebra, then we have the following isomorphism
(ΩR
L+
1
/Λ
L+
1
⊗
R
L+
1
B)∆ ≃ ΩRL+/ΛL+
1
,L+
⊗
RL+
B
This corollary is a special case of the following.
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Corollary 3.6. Let CL+
1
be an object in CNLO with a continuous action of ∆. Suppose that RL+
1
is a
CL+
1
-algebra and that the actions of ∆ on CL+
1
and RL+
1
are compatible. Thus RL+ is a CL+-algebra with
CL+ := (CL+
1
)∆. Then we have the following isomorphism
(ΩR
L+
1
/C
L+
1
⊗
R
L+
1
B)∆ ≃ ΩRL+/CL+
⊗
RL+
B.
The proof is identical to the proof of [Hi00, Corollary 3.4].
4. Selmer groups and congruence ideals
4.1. Preliminary on commutative algebra. First recall the notion of congruence ideals as in [HT16,
Section 8.2]. Let B be a normal noetherian domain and R is a reduced finite flat B-algebra with a morphism
of B-algebras φ : R→ B. Since R is reduced, the fractional ring Frac(R) is a product of fields which has the
form Frac(R) = Frac(B)⊕X. We write I = Ker(R→ Frac(R)→ X).
Definition 4.1. The congruence ideal of φ : R→ B is
cφ = AnnB((R/I)
⊗
R
B) ⊂ B.
We have the following property of congruence ideals(see [HT16, Corollary 8.6])
Proposition 4.2. Let B be a normal profinite local domain of residue characteristic p. Suppose that R
α
−→
S
β
−→ A are surjective morphisms of reduced local finite flat Gorenstein B-algebras (R is a Gorenstein B-
algebra, i.e., HomB−alg(R,B) is a free R-module of rank one. Similarly for S and A). Write λ = β ◦ α.
Then
cλ = cββ(cα).
Next recall the notion of characteristic ideals. Let B be a normal noetherian domain and M be a finitely
generated torsion B-module. Then by [Bo61, Chapitre 7, The´ore`me 5, p.253], the module M is pseudo-
isomorphic to a B-moduleM ′ of the formM ′ =
⊕
i∈I B/P
ni
i , where I is a finite index set, Pi are prime ideals
of B of height one and ni are positive integers. Moreover, the set of the pairs (Pi, ni) is determined by the
module M .
Definition 4.3. The characteristic ideal char(M) = charB(M) of M is
char(M) =
∏
i∈I
Pnii .
If we assume moreover that B is regular, then each Pi is in fact a principal ideal (see [St17, Tags.0AG0,
0AFT]), generated by an element in B, say, bi. Then we also use char(M) = charB(M) to denote the
characteristic element ofM defined as (it will be clear from the context whether char(M) denotes an ideal
or an element of B)
char(M) =
∏
i∈I
bnii .
Note that char(M) is only unique up to a unit in B. We will mainly deal with the cases B = A˜ or B = A˜[[S]].
We will assume that A˜ is regular, so that we can speak of characteristic elements of finitely generated torsion
modules over A˜ or A˜[[S]]. We have the following simple observation on characteristic ideals
Lemma 4.4. Let B be a regular normal noetherian local domain and B∞ = B[[S]]. Let M∞ be a finitely
generated torsion B∞-module and M = M∞/SM∞ be a finitely generated torsion B-module. Suppose that
M∞, resp. M , has no non-trivial B∞-submodule, resp. B-submodule pseudo-isomorphic to 0. Then
charB∞(M∞) + (S)(mod S) = charB(M).
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Proof. Since B is regular, so is B∞. Suppose that M∞ is B∞-pseudo-isomorphic to Q∞ =
∏
i∈I B∞/P
ni
i
with charB∞(M∞) =
∏
i∈I P
ni
i where each Pi is generated by a power series fi(S) ∈ B∞. Since M∞ has no
non-trivial pseudo-zero B∞-submodule, we have an exact sequence of B∞-modules
0→M∞ → Q∞ → N∞ → 0
such that N∞ is a pseudo-zero B∞-module. It is easy to see that N∞/SN∞ is a pseudo-zero B-module using
the B-algebra morphism B → B∞ and going-up theorem in commutative algebra.
Modulo the above exact sequence by S and using the assumption that M has no non-trivial pseudo-zero
B-submodule, we get another exact sequence of B-modules
0→M → Q∞/SQ∞ → N∞/SN∞ → 0.
Thus we get that charB(M) = charB(Q∞/SQ∞) =
∏
i∈I fi(0)
niB. This concludes the proof. 
Then recall the notion of Fitting ideals.
Definition 4.5. Let B be a noetherian ring and Q(B) its total ring of fractions. Let C be an r × s-matrix
with entries in Q(B). For any integer i ≥ 0, the i-th Fitting (fractional) ideal F
(i)
B (C) of C over B is the
fractional ideal of B generated by all the (r− i)× (r− i)-minors of C (if r ≤ i or s < r, we put F
(i)
B (C) = B).
Let M be a finitely generated B-module. Suppose that Ba
h
−→ Bb →M → 0 is a presentation of M . Denote
by H the b× a-matrix for the morphism h under the standard B-basis of Ba and Bb. Then the i-th Fitting
ideal F
(i)
B (M) of M over B is F
(i)
B (H).
When i = 0, we also write FB(C), resp. FB(M) for F
(0)
B (C), resp. F
(0)
B (M).
It can be shown that F
(i)
B (M) is independent of the choice of the presentation h for M .
Recall briefly the notion of reflexive envelopes for ideals inB. For any ideal I ofB, let I˜ be HomB(HomB(I,B), B).
I˜ is called the reflexive envelope of I (see [Bo61, Chapitre 7, §4, n◦2]). If B is normal, then I˜ is isomorphic
to the ideal
⋂
P IP , the intersection of the localizations IP of I at the prime ideals P of B of height one. We
write F˜B(M) for the reflexive envelope of FB(M).
We then list some properties of Fitting ideals that will be used later.
Proposition 4.6. (1) If I is an ideal of B, then FB/I(M/IM) = FB(M)/IFB(M).
(2) If M1 and M2 are finitely generated B-modules, then F
(i)
B (M1 ⊕M2) =
∑
j+l=i F
(j)
B (M1)F
(l)
B (M2).
(3) If 0 → M1 → M2 → M3 → 0 is an exact sequence of finitely generated B-modules, then F
(i)
B (M2) ⊃∑
j+l=i F
(j)
B (M1)F
(l)
B (M3). If moreover M3 has a presentation of the form B
a → Ba →M3 → 0, then
FB(M3) is a principal ideal of B and FB(M2) = FB(M1)FB(M3).
(4) If S is a multiplicative subset of B not containing 0. We write the subscript S to indicate localization
with respect to S. Then FBS (MS) = FB(M)S .
(5) If B is a discrete valuation ring, then FB(M) = charB(M). If moreover 0→M1 →M2 →M3 → 0 is
an exact sequence of finitely generated torsion B-modules, then we have FB(M1)FB(M3) = FB(M2).
(6) If B is a normal noetherian local domain and M is a finitely generated torsion B-module, then
F˜B(M) = charB(M). In other words, for any prime ideal P in B of height one, we have FB(M)P =
charB(M)P .
(7) If R is a complete intersection B-algebra with a morphism of B-algebras R→ B. Then the B-module
ΩR/B ⊗R B has a Fitting ideal FB(ΩR/B ⊗R B) which is a principal ideal.
Proof. (1) See [MW84, Appendix, 4, p.325].
(2) See [No76, Chapter 3, Exercise 3, p.61].
(3) See [No76, Chapter 3, Exercise 2, p.61] for the first part and [No76, Chapter 3, Theorem 22, p.80] for
the second part.
(4) See [No76, Chapter 3, Theorem 3, p.59].
(5) Note that the pseudo-isomorphic relation between B-modules is the same as the isomorphic relation.
Using (2), the problem is reduced to show that for any k ≥ 0, FB(B/̟
kB) = ̟kB where ̟ is a
uniformizer of B. The latter follows from the definition of Fitting ideals.
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(6) For any prime ideal P of B of height one, the localization BP is a discrete valuation ring. Write
n(P,N) for the length of a BP -module N . Then it is easy to see that (B is regular)
F˜B(M) =
∏
ht(P )=1
Pn(P,BP /FB(M)P ) =
∏
ht(P )=1
Pn(P,BP /FBP (MP )).
For each such P , Pn(P,BP /FBP (MP )) is just Pn(P,MP ) by (5). Since by definition there is charB(M) =∏
ht(P )=1 P
n(P,MP ), we conclude.
(7) Suppose that R = B[[X1,X2, . . . ,Xr]]/(f1, f2, . . . , fr). Write J = (f1, . . . , fr). Now the second funda-
mental exact sequence of the Ka¨hler differentials for the natural morphisms B → B[[X1, . . . ,Xr]]→ R
gives us
J/J2
⊗
B[[X1,...,Xr ]]
B → ΩB[[X1,...,Xr ]]/B
⊗
B[[X1,...,Xr]]
B → ΩR/B
⊗
R
B → 0.
This is just ⊕ri=1Bdfi → ⊕
r
i=1BdX → ΩR/B ⊗RB → 0, which gives a presentation of ΩR/B ⊗RB and
by (3), we conclude.

Remark 4.7. Let R be a complete intersection B-algebra with a B-algebra homomorphism φ : R → B.
Suppose also that R is a reduced algebra. By a theorem of J.Tate (see [HT16, Theorem 8.7]), we have
FB(ΩR/B ⊗R,φ B) = cφ.
4.2. Cotorsionness of Selmer groups. Let Λ = O[[X]] be the Iwasawa algebra of one variable, eh for the
big cusp Hida-Hecke algebra (generated over O by the operators Tq for q prime to Np, the diamond operators
〈u〉0 for u ∈ Z
×
p and the Atkin-Lehner operator Up). It is known that h is reduced and finite torsion-free
over Λ. The Λ-algebra structure on h is given by sending 1 +X to 〈1 + p〉0. Let π be a non-CM p-ordinary
holomorphic cusp automorphic representation of GL2(AQ), cohomological for a local system of highest weight
a > 0, of conductor N and level subgroup U
(1)
0 (N) = {u ∈ GL2(Zˆ) : u (mod N) is upper triangular}. Let T
be the localization of eh at the maximal ideal associated to residue Galois representation corresponding to π.
Let µ : T→ A be a Hida family passing through π. Then there is a Galois representation ρµ : ΓQ → GL2(A)
associated to µ. Moreover, ρµ|Γp is conjugate to an upper triangular representation whose diagonal entries
are (unr(α),unr(α)−1ω−1−a) where α = µ(Up) and unr(α) is the unramified character of Γp taking the
Frobenius Frobp to α and ω is the modulo p cyclotomic character. For any representation σ : ΓQ → GL2(W )
taking values in any ring W , we write An(σ) for the symmetric power representation (Sym2n ⊗ det−n)σ. In
particular we are interested in the representations Aj(ρµ) : ΓQ → GL2j+1(A).
Let X : ΓQ → Λ
× = Λ×Q,2 denote the restriction to Γp of the unramified deformation of the p-adic cyclotomic
character χ unramified outside p∞ (more precisely, if χ(σ) = ω(σ)uℓ(σ), then X(σ) = χ(σ)(1 +X)ℓ(σ)). We
write Φa = ω
aX. Then Aj(ρµ)|Γp has a filtration (F
m(a+1)Aj(ρµ))m with A-free graded pieces gr
m(a+1)Aj(ρµ)
on which Γp acts by unr(α)
2mΦma . For any L
+, the Galois representation Aj(ρµ)|ΓL+ is again ordinary
at pL+ and the filtration of this representation restricted to ΓpL+ is just the restriction of the filtration
(Fm(a+1)Aj(ρµ))m∈Z to ΓpL+ .
Let A˜ be the normal closure of A in its fractional field. It is a 2-dimensional normal ring and thus is free
over Λ. For any O-module M , M∗ denotes its Pontryagin dual HomO(M,K/O). We define the minimal
p-ordinary Selmer group Sel(L+,Aj(ρµ)) associated to ρ
′ = Aj(ρµ)|ΓL+ as follows:
Ker(H1(L+, ρ′ ⊗A A˜
∗)→
∏
q6=pL+
H1(Iq, ρ
′ ⊗A A˜
∗)×H1(IpL+ , (ρ
′/F 1ρ′)⊗A A˜
∗)).
We set G = G/Q = Gn/Q for some n > 1. By [AC89], we have the automorphic cyclic base change func-
toriality GL2/Q  GL2/Qk for all k. Assume that the Langlands functorialities Sym
n−1 : GL2/Qk  GLn/Qk
are established for all k (corresponding to the homomorphisms of Langlands’ L-groups Symn−1 : GL2(C) →
GLn(C)). Note that by [CT14, CT15, CT17], for p > 7, the functorialities Sym
n−1 : GL2/Qk  GLn/Qk
are established for all n ≤ 9 and all k ≥ 0. By [Cl91], we have the functoriality of automorphic descent
GLn/Qk  G/Qk .
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Let πk, resp. Πk = Π
G
k , be the base change (packet) of π under the Langlands functorialities GL2/Q  
GL2/Qk , resp. GL2/Q  GL2/Qk  GLn/Qk  G/Qk . We write ρ
G
µ = Sym
n−1ρµ. Our aim in this subsection
is to show that, under certain conditions, the dual Selmer group Sel(Q∞,Ad(ρ
G
µ ))
∗ is a finitely generated
torsion A˜[[S]]-module and study its characteristic power series. Concerning Condition 2.7 for ρπ as well as ρΠ,
it is easy to show that if α2cn 6≡ 1(mod p), then Dist(ρΠ) is satisfied. Here cn is the least common multiple
of the integers between 1 and 2n. Similarly, Big(ρπ), resp. RegU(ρπ), implies Big(ρΠ), resp. RegU(ρΠ).
Over GL2/Qk , one has the weight Iwasawa algebra Λ
◦
k, the deformation functor D
◦
k (defined in the same
way as Dk), representable by (R
◦
k, ρ
◦
k), the localized big Hida-Hecke algebra T
◦
k of auxiliary conductor N and
a Hida family T◦k → A
◦
k passing through πk (set Λ = Λ
◦
0, D = D
◦
0, R = R
◦
0, T = T
◦
0 and A = A
◦
0). Over G/Qk
(see the beginning of Section 2), one has the weight Iwasawa algebra Λk = Λ
G
k , the deformation functor Dk,
representable by (Rk, ρk) = (R
G
k , ρ
G
k ), the localized Hida-Hecke algebra Tk = T
G
k of auxiliary conductor N
and a Hida family Tk → Ak = A
G
k passing through Πk. For any k > k
′, set Λk,k′ = Im(Λk → Λk′). By the
definition of Λk′ , Λk′ is a complete intersection Λk,k′-algebra.
The cyclic base change GL2/Q  GL2/Qk gives homomorphisms of Hecke algebras T
◦
k → T (the same as in
Proposition 3.1 or using directly [AC89, Chapter 3] for the correspondences on Hecke parameters), resp. of
Hida families A◦k → A, of Iwasawa algebras Λ
◦
k → Λ (induced by the norm map O
×
pk → Z
×
p . See Proposition
3.1). The composition map T◦k → T→ A induces a morphism of B-algebras λ˜
◦
k : T˜
◦
k = T
◦
k ⊗Λ◦k A˜→ A˜.
The composition of Langlands functorialities GL2/Qk  GLn/Qk  G/Qk gives homomorphisms of Hecke
algebras θk = θ
G
k : Tk → T
◦
k (the same as [HT16, Proposition 2.3]), resp. of Hida families Ak → A
◦
k, of
Iwasawa algebras Λk → Λ
◦
k (the morphism Λk → Λ
◦
k is surjective by [HT16, Proposition 2.3]). The Galois
side of GL2/Qk  GQk gives homomorphisms of universal deformation ringsRk → R
◦
k which is compatible with
Tk → T
◦
k. The composition Λk → Λ
◦
k → Λ shows that A, as well as A˜, is a Λk-algebra. We set T˜k = Tk⊗Λk A˜
and R˜k = Rk ⊗Λk A˜ This induces the natural maps λ˜k = λ˜
G
k : T˜k → A˜ as well as θ˜k = θ˜
G
k : T˜k → T˜
◦
k. We
also denote by λ˜k the composition R˜k ≃ T˜k → A˜. We can consult the diagram below to have a clear picture
of the various morphisms mentioned above.
π/GL2/Q πk/GL2/Qk Πk/GQk
T˜ T˜◦k T˜k
A˜
GLn/Qk
λ˜
λ˜◦k
λ˜k
θ˜k
Remark 4.8. There is a subtlety in choosing the coefficient field K (and its ring of integers O). Recall that
K is a subfield of Qp, of finite degree over Qp. For each fixed k, to establish the Hida theory over GQk , we
need to assume that the corresponding coefficient field Kk = K contains all the embeddings of Qk into Qp
(see [Ge10, Section 2]). However, the objects such as A, Rk, Λk, ρ
G
µ′ , can be defined over OK0, the ring of
integers of K0, instead of the larger ring OKk . We write these objects defined over OK0 temporarily as A
′,
R′k, Λ
′
k and ρ
G
µ′ . Since OKk is finite flat over OK0 , we see that A ≃ A
′ ⊗OK0 OKk , Rk ≃ R
′
k ⊗OK0 OKk ,
Λk ≃ Λ
′
k ⊗OK0 OKk and ρ
G
µ ≃ ρ
G
µ′ ⊗OK0 OKk . So the isomorphism Rk ≃ Tk (see Theorem 2.11) becomes
R′k ⊗OK0 OKk ≃ Tk. Likewise, the isomorphism in Theorem 4.13 becomes
ΩR˜′k⊗OKk/A˜⊗OKk
⊗
R˜′⊗OKk
(A˜′ ⊗OKk) ≃ Sel(Qk,Ad(ρ
G
µ′))
∗ ⊗OKk
(all the tensors are over OK0 unless the base ring is given. Note also that A˜
′ ⊗ OKk is equal to A˜ in its
fractional field Frac(A˜′ ⊗ OKk) ≃ Frac(A) by the fact that the inclusion map OK0 → OKk is a normal ring
homomorphism and [SH06, Proposition 19.1.2, Theorem 19.4.2]). Since OKk is faithfully flat over OK0 , we
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see that above isomorphism is valid if and only if the following one is valid
ΩR˜′/A˜′
⊗
R˜′
A˜′ ≃ Sel(Qk,Ad(ρ
G
µ )).
We see that the tensored sequence is exact if and only if the original sequence is exact. The same remark
applies to other statements in the following. As a result, we will not distinguish the objects defined over OK0
(with a prime ′ as above) from those defined over OKk .
In the following we write B∞ = A˜[[S]] ≃ A˜[[Gal(Q∞/Q)]] (the isomorphism is given by sending 1 + S to
the fixed generator γ), Bk = B∞/((1 + S)
pk − 1) ≃ A˜[∆k] and B = B0 = A˜. For any B∞-module M , write
Mk =M∆k =M/(γk − 1)M =M/(γ
pk − 1)M which is a Bk-module.
Write Ek for the p-adic completion of the field Qk and Ok the ring of integers of Ek. Then we have the
norm map E×∞ → E
×
k . We define
RDk = O[[Im(T
ss(E∞)→ T
ss(Ek))]].
We have an equivalent definition of RDk using Galois groups given as follows. Let Γ
ab
pk,p
be the maximal p-
profinite abelian quotient of the decomposition group Γpk , Dk the image of Γ
ab
p∞,p in Γ
ab
pk,p
and RDk the algebra
O[[(Dk)
n−1]]. So RDk is an algebra over Λ∞,k by local class field theory. Indeed, recall that Λk = O[[T
ss(Ok)]].
As a result,
Λ∞,k = Im(Λ∞ → Λk) = O[[Im(T
ss(O∞)→ T
ss(Ok))]].
The natural inclusion of Im(T ss(O∞) → T
ss(Ok)) into Im(T
ss(E∞) → T
ss(Ek)) gives the Λ∞,k-algebra
structure of RDk . We choose the uniformiser ωk in Ek in a compatible way (i.e. ωk+1 is mapped to ωk by the
norm map E×k+1 → E
×
k ). Then it is easy to see that
RDk → Λ∞,k[[Tk,1, Tk,2, . . . , Tk,n]]/(
n∏
j=1
(1 + Tk,j) = 1)
diag(1i−1, ωk, 1n−1−i, ω
−1
k ) 7→ (1 + Tk,i)/(1 + Tk,n)
is an isomorphism of O-algebras.
On the other hand, since the extension Q∞/Qk is totally ramified at p, we have the following exact sequence
1 + p∞Op∞
Norm
−−−→ 1 + pkOpk → u
Zp
k → 1
where uk corresponds to γk = γ
pk by local class field theory (recall that γ is a fixed generator of the Galois
group Gal(Q∞/Q)).
Λk → Λ∞,k[[Xk,1,Xk,2, . . . ,Xk,n]]/(
n∏
j=1
(1 +Xk,j) = 1)
diag(1i−1, uk, 1n−1−i, u
−1
k ) 7→ (1 +Xk,i)/(1 +Xk,n)
So we can summarize the above results as
Lemma 4.9. We have the following isomorphisms of O-algebras for k <∞:
RDk ≃ Λ∞,k[[Tk,1, . . . , Tk,n]]/(
n∏
j=1
(1 + Tk,j) = 1),
Λk ≃ Λ∞,k[[Xk,1, . . . ,Xk,n]]/(
n∏
j=1
(1 +Xk,j) = 1).
We then define an RDk -algebra structure on Rk as follows: recall that the diagonal entries of the up-
per triangular Galois representation ρΠ|Γpk are ψk,1, ψk,2, . . . , ψk,n. Define a map R
D
k → Rk by sending
(σ1, σ2, . . . , σn) ∈ Im(T
ss(E∞)→ T
ss(Ek)) to
∏n
i=1 ψk,n+1−i(σi).
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Now we give some simple properties concerning these Hecke algebras Tk and universal deformation rings
Rk.
Lemma 4.10. Assume Big(ρΠ), Dist(ρΠ) and RegU(ρΠ), then T˜0 is reduced and the map T0 → T is
surjective.
Proof. The first part is the same as [HT16, Corollary 6.2].
For the second part, it is enough to show that the map R0 → R is surjective. For this, it suffices to prove
that for any object B in CNLO, for any two lifts ρ1, ρ2 of ρπ to B such that they are in the same deformation
class [Symn−1ρ1] = [Sym
n−1ρ2] ∈ D0(B), we must have [ρ1] = [ρ2] ∈ D(B). We have decompositions of
representations of ΓQ, Ad(Sym
n−1ρi) ≃ ⊕
n−1
j=0Sym
2jρi for i = 1, 2. Since Sym
n−1ρ1 ≃ Sym
n−1ρ2, we have
Sym2j(ρ1) ≃ Sym
2j(ρ2) for j = 0, 1, . . . , n − 1 by Big(ρπ).
We then need to show Sym2ρ1 ≃ Sym
2ρ2 implies ρ1 ≃ ρ2. By Dist(ρπ), we may assume that ρ1(Frobp)
and ρ2(Frobp) are diagonal matrices. Since Sym
n−1ρ1(Frobp) is similar to the matrix Sym
n−1ρ2(Frobp), we
have ρ1(Frobp) = ρ2(Frobp) by Dist(ρΠ). By Dist(ρπ), there exists a matrix g ∈ 1 + mBM3(B) such that
Sym2ρ1(σ) = g ·Sym
2ρ2(σ) · g
−1 for any σ ∈ ΓQ. Setting σ = Frobp shows that g is in fact a diagonal matrix,
say, diag(g1, g2, g3). For any σ, we write ρi(σ) =
(
ai bi
ci di
)
with i = 1, 2. Then a simple calculation shows
that
g22(a1b1c1d1) = g1g3(a2b2c2d2), g1g3(a1b1c1d1) = g
2
2(a2b2c2d2).
By Big(ρπ), we can choose σ such that a1b1c1d1 ∈ B
×. Comparing two sides of the above identities, we get
g22 = g1g3 (the other possibility g
2
2 = −g1g3 is excluded by g1 ≡ g2 ≡ g3 ≡ 1(mod mB)). This shows that
g = Sym2h for some diagonal matrix h ∈ 1 + mBM2(B). From this, we get Sym
2(h−1ρ1(σ)hρ2(σ)
−1) = 1.
Clearly, we have h−1ρ1(σ)hρ2(σ)
−1 ≡ 1(mB). Some simple calculations show that h
−1ρ1(σ)hρ2(σ)
−1 = 1. As
a result ρ1(σ) = h · ρ2(σ) · h
−1 for any σ ∈ ΓQ, which concludes the proof.
If n is an even integer, we can replace the last paragraph by the following: we have the decomposition of
representations of ΓQ, Sym
n−1ρi ⊗ Sym
nρi ≃ ρi ⊕ Sym
3ρi ⊕ . . . ⊕ Sym
2n−1ρi for i = 1, 2. Thus ρ1 ≃ ρ2 by
Big(ρπ). The assumption Big(ρπ) then shows that [ρ1] = [ρ2] lie in the same deformation class.

Corollary 4.11. The algebra T˜k is reduced for k ≥ 0.
Proof. Note that T˜k ≃ T0 ⊗Λk,0 B ≃ T0 ⊗Λk,0 (Λ0 ⊗Λ0 B) ≃ (T0 ⊗Λ0 B) ⊗Λk,0 Λ0. We already know that
T0 ⊗Λ0 B is reduced by the preceding lemma and Λ0 is a domain and is finite free over Λk,0, thus T˜k is
reduced. 
Lemma 4.12. The algebra T˜k is complete intersection over B for k ≥ 0.
Proof. By Theorem 2.11, Tk is complete intersection over Λk. Moreover, Λ0 is finite free over Λk,0 and Λ0
surjects onto Λ = Λ◦0. Note that B is finite flat over Λ, thus we conclude that T˜k = Tk ⊗Λk B is complete
intersection over B for k ≥ 0. 
Theorem 4.13. Assume Dist(ρΠ) and RegU(ρΠ), then as Bk-modules
ΩR˜k/B
⊗
R˜k
B ≃ Sel(Qk,Ad(ρ
G
µ ))
∗.
Proof. Note that we have an isomorphism of Ka¨hler differentials ΩR˜k/B ≃ ΩRk/Λk⊗ΛkB (see [St17, Tag.00RV]).
As a result, ΩR˜k/B⊗R˜kB ≃ (ΩRk/Λk⊗Rk R˜k)
⊗
R˜k
B ≃ ΩRk/Λk⊗RkB. From this we obtain (ΩR˜k/B⊗R˜kB)
∗ ≃
HomRk(ΩRk/Λk , B
∗) ≃ DerΛk(Rk, B
∗). So we only have to show that
DerΛk(Rk, B
∗) ≃ Sel(Qk,Ad(ρ
G
µ )).
Write Rk[B
∗] = Rk⊕ ǫB
∗ with ǫ2 = 0. There is a natural map DerΛk(Rk, B
∗)→ HomΛk(Rk, Rk[B
∗]) given
by sending d ∈ DerΛk(Rk, B
∗) to an element φ ∈ HomΛk(Rk, Rk[B
∗]) such that φ(r) = r+ǫd(r) for any r ∈ Rk.
It is easy to see that the image of this map is the set of φ ∈ HomΛk(Rk, Rk[B
∗]) such that φ ≡ IdRk(mod B
∗).
This subset is same as the subset D′k(Rk[B
∗]) of Dk(Rk[B
∗]) consisting of those classes [ρ′] of the form
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ρ′(σ) = (1 + ǫcρ′(σ))ρ(σ) for any σ ∈ ΓQk . Now consider a map D
′
k(Rk[B
∗]) → H1(ΓQk , gln(Rk) ⊗Rk B
∗),
given by [ρ′] 7→ [cρ′ ] where [cρ′ ] is the cohomology class of cρ′ . We can show that this map is injective. Now
we want to show that the image of this map is Sel(Qk,Ad(ρ
G
µ )).
We take any lifting ρ′ = (1 + ǫcρ′)ρ. By the assumption Dist(ρ
G
µ ), the p-ordinary filtration is well-defined
on An(ρµ). For primes q of Qk dividing N , cρ′(Iq) = 0 by RegU(ρΠ). Besides, cρ′ |Ipk takes values in
F 1Anµk . Moreover, if ρ
′ is upper triangular on Ipk , then so it is on Γpk . This shows that cρ′ is an element in
Sel(Qk,Ad(ρ
G
µ )).
Conversely, suppose that c is an element in Sel(Qk,Ad(ρ
G
µ )) (a cocycle). Then ρ
′ = (1 + ǫc)ρ defines a
unique conjugacy class [ρ′] of liftings of ρ. We then check that [ρ′] is a deformation in Dk(Rk[B
∗]). It is
enough to show that the characters defined by ρ′|Γpk are in the right order. This follows from the uniqueness
of the p-ordinary filtration which in turn is given by the assumption Dist(ρΠ). 
Combining the above result with Corollary 3.6, we have
Corollary 4.14. For any k > k′, as Bk′-modules,
Sel(Qk,Ad(ρ
G
µ ))
∗
∆k,k′
≃ ΩRk′/Λk,k′
⊗
Rk′
B.
Remark 4.15. Note that ΩRk′/Λk,k′ ⊗Rk′ B is not the dual Selmer group Sel(Qk′ ,Ad(ρ
G
µ ))
∗. In other words,
the dual Selmer groups over the cyclotomic tower Q∞/Q do not have the descent property. Later we will
modify this Ka¨hler differential such that there is a descent property Moreover it is related to the dual Selmer
group over each layer in Q∞/Q (see the modules Mk in Theorem 4.21).
We can also use this result to relate Selmer groups to congruence ideals. Recall that we have an iso-
morphism of Λk-algebras Rk ≃ Tk. Moreover, the exact control theorem in [HT16, Lemma 2.7] for the
universal deformation ring Rk induces an exact control theorem for the big Hida-Hecke algebra Tk as follows:
Tk/aλTk ≃ (Tk)λ where (Tk)λ is the finite level Hecke algebra of weight λ and aλ is the kernel of the
morphism Λk → O,diag(tτ,1, tτ,2, . . . , tτ,n)τ : Qk→Qp 7→
∏
τ
∏n
i=1 t
λτ,i
τ,i . As in the case of elliptic and Hilbert
modular forms (see [Hi86, Corollary 3.2] and [Hi88a, Theorem 3.4]), we deduce that there is a unique Hida
family Ak passing through the automorphic form Πk. This uniqueness induces an action of ∆k = Gal(Qk/Q)
on Ak from that on Rk ≃ Tk. We write temporarily the Galois representation ρ
′ : ΓQk → Gn(Rk)→ Gn(A˜k),
the projection λ′ : Rk → Ak and λ˜
′ : Rk⊗Λk A˜k → A˜k with A˜k the normal closure of Ak in its field of fractions.
Recall that Rk is a complete intersection Λk-algebra, thus Rk ⊗ A˜k is a complete intersection A˜k-algebra.
Then by a theorem of J.Tate (see [HT16, Theorem 8.7]), the congruence ideal cλ˜′ in A˜k of the morphism
λ˜′ : Rk ⊗ A˜k → A˜k is equal to the Fitting ideal FA˜k(ΩRk⊗A˜k/A˜k ⊗ A˜k). Similarly, the congruence ideal cλ˜k in
B of λ˜k is equal to the Fitting ideal FB(ΩR˜k/B⊗R˜k)B.
The same argument as in Theorem 4.13 gives an isomorphism (under the same conditions as in the theorem)
ΩRk⊗A˜k/A˜k
⊗
Rk⊗A˜k
A˜k ≃ Sel(Qk,Ad(ρ
′))∗.
Corollary 4.16. Assume Big(ρΠ), Dist(ρΠ) and RegU(ρΠ), then as ideals in A˜k,
cλ˜′ = FA˜k(Sel(Qk,Ad(ρ
′))∗).
Similarly, under the same hypotheses, for the morphism λ˜k : R˜k → B, we have, as ideals in B,
cλ˜k = FB(Sel(Qk,Ad(ρ
G
µ ))
∗).
Next we will use two Bk-modules ΩΛk/Λ∞,k ⊗Λk B and ΩRDk /Λ∞,k
⊗RDk
B. By Lemma 4.9, we have isomor-
phisms of B-modules
ΩRDk /Λ∞,k
⊗
RDk
B ≃
n⊕
i=1
Bd log(1 + Tk,i)/(
n∑
j=1
d log(1 + Tk,j) = 0) ≃
n−1⊕
i=1
Bd log(1 + Tk,i) ≃
n−1⊕
i=1
BdTk,i,
19
ΩΛk/Λ∞,k
⊗
Λk
B ≃
n⊕
j=1
Bd log(1+Xk,j)/(
n∑
i=1
d log(1+Xk,i) = 0) ≃
n−1⊕
j=1
B(d log(1+Xk,n)−d log(1+Xk,j)) ≃
n−1⊕
j=1
BdXk,j.
We will use both the two basis (d log(1+Tk,i))
n−1
i=1 and (dTk,i)
n−1
i=1 for the B-module ΩRDk /Λ∞,k
⊗B. Likewise,
we use both the two basis (d log(1+Xk,n)− d log(1+Xk,j))
n−1
j=1 and (dXk,j)
n−1
j=1 for the module ΩΛk/Λ∞,k ⊗B.
In Definition 4.18, we choose (d log(1 + Tk,i)) and (d log(1 +Xk,n) − d log(1 +Xk,j) as basis mainly for the
comparison in Section 5. Under these two basis, we can show that the element L(Q,Ad(ρGµ )) is equal to the
L-invariant given in [HJ17].
Proposition 4.17. Assume Big(ρΠ), then Sel(Qk,Ad(ρ
G
µ ))
∗ is a finitely generated torsion B-module and
the following sequence is exact, on identifying Sel(Qk,Ad(ρ
G
µ ))
∗ ≃ ΩRk/Λk ⊗B
(4.1) 0→ ΩΛk/Λ∞,k
⊗
Λk
B → ΩRk/Λ∞,k
⊗
Rk
B → Sel(Qk,Ad(ρ
G
µ ))
∗ → 0.
Proof. To simplify notations, denote by M the ΓQk -module Ad(ρ
G
µ ), which is a free B-module. Let P be an
arithmetic point of Spec(B). Denote by MP the quotient Ad(ρ
G
µ )(mod P ).
We first show that Sel(Qk,M)
∗ ⊗B B/P ≃ Sel(Qk,MP )
∗. Indeed, by exactness of the Pontryagin duality,
the obvious exact sequence 0→ P → B → B/P → 0 gives the another one 0 → (B/P )∗ → B∗ → P ∗ → 0.
This shows that (B/P )∗ ≃ B∗[P ] where B∗[P ] is the sub-B-module of B∗ annihilated by P . As a result,
applying M ⊗A • to this exact sequence and then taking group cohomology H
•(Qk, •) of the exact sequence,
we get a long exact sequence
H0(Qk,M
⊗
A
B∗)→ H1(Qk,M
⊗
A
(B/P )∗)→ H1(Qk,M
⊗
A
B∗)→ H1(Qk,M
⊗
A
B∗)
By Big(ρΠ), H
0(Qk,M ⊗A B
∗) = 0. Taking the Pontryagin dual of the above sequence, we get
H1(Qk,M
⊗
A
B∗)∗[P ] ≃ H1(Qk,M
⊗
A
(B/P )∗)∗.
The same argument applies to the local Galois cohomology groups. Thus we obtain the following
Sel(Qk,M)
∗
⊗
B
B/P ≃ Sel(Qk,MP )
∗.
By definition, B/P ≃ O. From this we have Sel(Qk,MP )
∗ ≃ ΩTP /O⊗TP O where TP is the Hecke algebra
of the same weight as the arithmetic point P . Since TP is finite free over O, we see that Sel(Qk,MP )
∗ is a
finite O-module, thus Sel(Qk,M)
∗ is a torsion B-module.
By Lemma 4.9, ΩΛk/Λ∞,k ⊗Λk B ≃ B
n−1. Moreover, Rk ≃ Tk is finite free over Λk. The B-torsionness of
Sel(Qk,M)
∗ gives the left exactness of (4.1). 
Now we consider another exact sequence derived from the first fundamental exact sequence of Ka¨hler
differentials
ΩRDk /Λ∞,k
⊗
RDk
B → ΩRk/Λ∞,k
⊗
Rk
B → ΩRk/RDk
⊗
Rk
B → 0.
We want to know when this sequence is injective on the left. Since Sel(Qk,Ad(ρ
G
µ ))
∗ is B-torsion, we can
find some non-zero element 0 6= η ∈ B such that η · Sel(Qk,Ad(ρ
G
µ ))
∗ = 0. This shows that η ·d log(1+Tk,i) =
η·dTk,i/(1+Tk,i) lies in the B-module ΩΛk/Λ∞,k⊗B. This means that η·d log(1+Tk,i) is a B-linear combination
of the basis (d log(1 +Xk,n)− d log(1 +Xk,j))
n−1
j=1 . From this, we give the following definition.
Definition 4.18. We write L(Q,Ad(ρGµ )) for the (n − 1)× (n − 1)matrix

∂ log(1+Tk,1)
∂ log(1+Xk,n)
−
∂ log(1+Tk,1)
∂ log(1+Xk,1)
· · ·
∂ log(1+Tk,1)
∂ log(1+Xk,n)
−
∂ log(1+Tk,1)
∂ log(1+Xk,n−1)
...
. . .
...
∂ log(1+Tk,n−1)
∂ log(1+Xk,n)
−
∂ log(1+Tk,n−1)
∂ log(1+Xk,1)
· · ·
∂ log(1+Tk,n−1)
∂ log(1+Xk,n)
−
∂ log(1+Tk,n−1)
∂ log(1+Xk,n−1)

 .
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The determinant det(L(Q,Ad(ρGµ ))) ∈ Frac(B) is written as L(Qk,Ad(ρ
G
µ )). The 0-th Fitting ideal of the
(n− 1)× (2n− 2)-matrix
(
S1n−1 L(Qk,Ad(ρ
G
µ ))
)
over Bk is written as Ik = I
G
k .
By definition, Ik =
∑n−1
i=0 S
iF
(i)
B (L)Bk where L = L(Qk,Ad(ρ
G
µ )).
Lemma 4.19. We have L(Qk,Ad(ρ
G
µ )) = p
−k(n−1)L(Q,Ad(ρGµ )) (k ≥ 0).
Proof. The map Λk → Λ0 is induced by the norm Q
×
k → Q
×, thus 1+Xk,i is sent to (1+X0,i)
pk (1 ≤ i ≤ n).
Similarly, in the map RDk → R
D
0 , 1 + Tk,j is sent to 1 + T0,j (1 ≤ j ≤ n). So L(Qk,Ad(ρ
G
µ )) equal to
p−k(n−1)L(Q,Ad(ρGµ )). 
Lemma 4.20. The element L(Qk,Ad(ρ
G
µ )) does not vanish if and only if the following sequence is exact
(4.2) 0→ ΩRDk /Λ∞,k
⊗
RDk
B → ΩRk/Λ∞,k
⊗
Rk
B → ΩRk/RDk
⊗
Rk
B → 0.
Proof. By Proposition 4.17, the Bk-module ΩΛk/Λ∞,k ⊗ B injects into ΩRk/Λ∞,k ⊗ B. By the assumption
L(Qk,Ad(ρ
G
µ )) 6= 0, the above injection implies that ΩRDk /Λ∞,k
⊗B injects into ΩRk/Λ∞,k ⊗B. 
From the above two lemmas, we see that if I0 6= 0, then the sequence 4.2 is exact for all k ≥ 0.
Now we come to the main technical theorem of this paper.
Theorem 4.21. Assume Big(ρΠ), Dist(ρΠ), RegU(ρΠ), L(Q,Ad(ρ
G
µ )) 6= 0 and B regular, then Sel(Q∞,Ad(ρ
G
µ ))
∗
is a finitely generated torsion B∞-module. Moreover the characteristic power series L
alg
p (Ad(ρGµ ), S) :=
charB∞(Sel(Q∞,Ad(ρ
G
µ ))
∗) has a trivial zero at S = 0 of order n− 1. For any k ≥ 0 and any prime ideal P
in Bk of height one, we have
((
Lalgp (Ad(ρGµ ), S)
Sn−1
B∞)Γk)P = IkFBk(Sel(Qk,Ad(ρ
G
µ ))
∗)P .
Proof. We divide the proof into several steps.
Step.1: We will isolate the trivial zeros of the characteristic power series of the dual Selmer group over
Q∞ (in a special case, see below (4.3)).
Recall that we have the following exact sequences derived from the exact sequences (4.1) and (4.2)
0→
n−1⊕
i=1
BdXk,i
ιIk−→ ΩRk/Λ∞,k
⊗
Rk
B → ΩRk/Λk
⊗
Rk
B → 0,
0→
n−1⊕
j=1
BdTk,j
ιDk−→ ΩRk/Λ∞,k
⊗
Rk
B → ΩRk/RDk
⊗
Rk
B → 0.
To simplify notations, we write
Mk = ΩRk/RDk
⊗
Rk
B.
Then one has the following commutative diagrams
ΩRk/Λ∞,k
⊗
B
bk
//
gk

ΩB/Λ∞,k
hk

Mk
dk
// ΩB/RDk
Recall that Λ∞,k = Im(Λ∞ → Λk). This gives ΩB/Λ∞,k = ΩB/Λ∞ . By Lemma 4.9, we see that ΩB/RDk
=
ΩB/RD
∞
. So hk = h∞. From this one has the following exact sequence
0→ ΩR∞/Λ∞
(g∞,bk)
−−−−−→M∞
⊕
ΩB/Λ∞,k
d∞−hk−−−−→ ΩB/RDk
→ 0.
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We first assume that in ΩRk/Λ∞,k ⊗B there is an inclusion
(4.3) ιk : Im(ι
D
k ) →֒ Im(ι
I
k).
This assumption implies that the matrix (
∂Tk,i
∂Xk,j
) has entries in B.
By the hypothesis L(Q,Ad(ρGµ )) 6= 0, ΩB/RD
0
is B-torsion, so ΩB/RD
∞
is B∞-pseudo-isomorphic to 0.
Moreover, L(Q,Ad(ρGµ )) 6= 0 also implies that ΩB/Λ∞,0/Im(ι
D
0 ) is torsion so it is B∞-pseudo-isomorphic to
0. So we deduce the following sequence of pseudo-isomorphic B∞-modules (we write ∼ for the relation of
pseudo-isomorphism)
Sel(Q∞,Ad(ρ
G
µ ))
∗ ∼ ΩR∞/Λ∞
⊗
B ∼M∞
⊕
ΩB/Λ∞,0 ∼M∞
⊕
Im(ιDQ ) ∼M∞
⊕
Bn−1.
By Corollary 3.6, we have (M∞)Γk ≃ Mk. Now the hypothesis L(Q,Ad(ρ
G
µ )) 6= 0 implies that M0 is
B-torsion. This shows that Sel(Q∞,Ad(ρ
G
µ ))
∗ is a finitely generated torsion B∞-module.
We write Φ(S) for the characteristic power series of M∞. It is clear from the above that
Lalgp (Ad(ρ
G
µ ), S) = Φ(S)S
n−1
and Φ(0) 6= 0 (otherwise M∞/SM∞ =M0 will not be B-torsion).
Step.2: We will study the relation between Mk and the Selmer groups.
By the assumption (4.3), we have the following commutative diagram
(4.4) 0 // Im(ιDk )
//
ιk

ΩRk/Λ∞,k
⊗
B //
Id

ΩRk/RDk
⊗
B //

0
0 // Im(ιIk)
// ΩRk/Λ∞,k
⊗
B // ΩRk/Λk
⊗
B // 0
We write Nk = Coker(Im(ι
D
k ) →֒ Im(ι
I
k)), which is a Bk-module. Moreover the definition of Nk shows that
the homological dimension hdimB(Nk) ≤ 1. Applying the snake lemma to the above diagram, we get the
following exact sequence
0→ Nk →Mk → ΩRk/Λk ⊗B → 0.
By Proposition 4.6 (3), we have FBk(Mk) ⊃ FBk(Nk)FBk(ΩRk/Λk ⊗ B). Note that if each term X in the
diagram 4.4 is replaced by (X)∆k , the diagram is still a commutative diagram. Applying the snake lemma to
this new diagram gives 0 → (Nk)∆k → M0 → ΩRk/Λk,0 ⊗ B. Since Rk is a complete intersection Λk-algebra
and Λk is a complete intersection Λk,0-algebra, Rk is thus a complete intersection Λk,0-algebra. By Proposition
4.6 (3), we have FB(M0) = FB((Nk)∆k)F(ΩRk/Λk,0 ⊗ B). Recall FB(M0) = (FBk(Mk))∆k (similarly for the
other factors), Nakayama’s lemma shows
FBk(Mk) = FBk(Nk)FBk(Sel(Qk,Ad(ρ
G
µ ))
∗).
Let’s explicate the Fitting ideal FBk(Nk). Write the morphisms defining Nk as B
n−1 ιk−→ Bn−1
βk−→ Nk → 0.
It is easy to see that the actions of ∆k on Nk, Im(ι
D
k ) and ι
I
k are trivial. Now we can extend the morphism ιk
to ιk : B
n−1
k → B
n−1
k by sending an element g =
∑
j gjS
j to ιk(g) =
∑
j ιk(gj)S
j where each gj is an element
in Bn−1. We can also extend βk to βk : B
n−1
k → Nk by sending g =
∑
j gjS
j to βk(g) = βk(g0). It is easy to
verify that ιk and βk are morphisms of Bk-modules. We define define a morphism ι
′
k : B
n−1
k ⊕B
n−1
k → B
n−1
k
by sending (f, g) to Sf + ιk(g). Then we have an exact sequence B
n−1
k ⊕ B
n−1
k
ι′k−→ Bn−1k
βk−→ Nk → 0 of
Bk-modules. So using this presentation for the Bk-module Nk, we get FBk(Nk) = Ik.
Step.3: We will relate FBk(Mk) to the characteristic power series L
alg
p (Ad(ρGµ ), S). Since M0 is B-torsion,
we have the relation of depth
depthB∞(M∞) = depthB(M0) + 1.
Recall R0 is complete intersection over Λ0, so we can write this as R0 = Λ0[[Y1, Y2, . . . , Yr]]/(f1, f2, . . . , fr),
where (f1, f2, . . . , fr) is a regular sequence of Λ0[[Y1, . . . , Yr]]. As in the proof of Proposition 4.6 (8), we have
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the following exact sequence ⊕
i
B · dfi →
⊕
i
B · dYi → Sel(Q,Ad(ρ
G
µ ))
∗ → 0.
The B-torsionness of Sel(Q,Ad(ρGµ ))
∗ shows that the above exact sequence is in fact injective on the left. So
the homological dimension hdimB(Sel(Q,Ad(ρ
G
µ ))
∗) ≤ 1. Combining with the fact that hdimB(N0) ≤ 1 gives
hdimB(M0) ≤ 1.
By the Auslander-Buchsbaum formula, we have hdimB(M0) + depthB(M0) = depthB(B). Note that this
identity uses only the fact that hdimB(M0) <∞, which follows from B being regular by [Ma86, Theorem 19.2].
On the other hand, since B∞ is also regular, hdimB∞(M∞) <∞. By the Auslander-Buchsbaum formula, we
get hdimB∞(M∞) + depthB∞(M∞) = depthB∞(B∞). Using the fact that depthB∞(B∞) = depthB(B) + 1,
we deduce that
hdimB∞(M∞) = hdimB(M0) ≤ 1.
This implies that M∞, resp. M0, has no non-zero B∞-submodule, resp. B-submodule, pseudo-isomorphic
to 0. Now we can apply Lemma 4.4, Proposition 4.6 (1) and (6): for any prime ideal P in B of height one,
we have
((
Lalgp (Ad(ρGµ ), S)
Sn−1
B∞)Γ)P = ((M∞)Γ)P = (M0)P = I0FB(Sel(Q,Ad(ρ
G
µ ))
∗)P = I0charB(Sel(Q,Ad(ρ
G
µ ))
∗)P .
For general k ≥ 0, for any prime ideal P in Bk of height one, we have the following, which finishes the
proof under the assumption (4.3)
((
Lalgp (Ad(ρGµ ), S)
Sn−1
B∞)Γk)P = ((M∞)Γk)P = (Mk)P = IkFBk(Sel(Qk,Ad(ρ
G
µ ))
∗)P .
Step.4: We will study the general case without assuming (4.3). We can choose n−1 elements T ′k,1, T
′
k,2, . . . , T
′
k,n−1
in the intersection Λk
⋂
RDk (inside Rk) such that R
D
k is a finite algebra over the formal power series algebra
Rdk = Λ∞,k[[T
′
k,1, . . . , T
′
k,n−1]] (use that Rk is of relative dimension n−1 over Λ∞,k and Noether normalization
lemma. Moreover for any k′ < k, we set Rdk′ = Λ∞,k′ [[T
′
k′,1, . . . , T
′
k′,n−1]] where T
′
k′,j are the images of T
′
k,j un-
der the map Λk → Λk′). In the same manner, one can an element L
′(Qk,Ad(ρ
G
µ )) = det(
dT ′k,i
dXk,j
) ∈ B, an ideal
I ′k ⊂ Q(B), the cokernel N
′
k = Coker(Im(ι
d
k)→ Im(ι
I
k)) and the exact sequence 0 → N
′
k → ΩRk/Rdk
⊗
B →
ΩRk/Λk
⊗
B → 0. From this, we have
(4.5) FBk(ΩRk/Rdk
⊗
B) = FBk(N
′
k)FBk(Sel(Qk,Ad(ρ
G
µ ))
∗).
One the other hand, we have the following two exact sequences with maps from one to the other (the first
sequence is injective on the left because Rdk injects into Λk)
0 ΩRdk/Λ∞,k
⊗
B ΩRk/Λ∞,k
⊗
B ΩRk/Rdk
⊗
B 0
0 ΩRDk /Λ∞,k
⊗
B ΩRk/Λ∞,k
⊗
B ΩRk/RDk
⊗
B 0
Id
Applying the snake lemma to this diagram, we get an exact sequence
0→ ΩRDk /R
d
k
⊗
B → ΩRk/Rdk
⊗
B → ΩRk/RDk
⊗
B → 0.
To simplify notations, let’s write Vk = ΩRDk /R
d
k
⊗B, Qk = ΩRk/Rdk
⊗B andWk = ΩRk/RDk
⊗B. We fix an arbi-
trary prime ideal P inBk of height one, then by Proposition 4.6 (3), we have FBk(Qk)P ⊃ FBk(Vk)PFBk(Wk)P .
Moreover, FBk(Qk)P /SFBk(Qk)P = charB(Q0)P by Proposition 4.6 (1) and (6). Similar results hold for Vk
and Wk. So using Nakayama’s lemma, one has, for any prime ideal P in Bk of height one,
(4.6) FBk(ΩRk/Rdk
⊗
B)P = FBk(ΩRDk /R
d
k
⊗
B)PFBk(ΩRk/RDk
⊗
B)P .
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Next comparing the following two exact sequences (both are injective on the left because Λ∞,k injects into
RDk , resp. Λk) and using the same argument as above
0→ ΩRdk/Λ∞,k
⊗
B → ΩRDk /Λ∞,k
⊗
B → ΩRDk /R
d
k
⊗
B → 0,
0→ ΩRdk/Λ∞,k
⊗
B → ΩΛk/Λ∞,k
⊗
B → N ′k → 0,
one gets, for any prime ideal P in Bk of height one,
(4.7) FBk(N
′
k)P = IkFBk(ΩRDk /R
d
k
⊗
B)P .
Now we combine the identities (4.5), (4.6) and (4.7) to get
FBk(Mk)P = IkFBk(Sel(Qk,Ad(ρ
G
µ ))
∗)P
and the rest of the proof is the same as in Step.3. 
We can show that there is a natural map of torsion B-modules (see [Hi06, Proposition 5.28])
Sel(Qk,Ad(ρ
G
µ ))→
⊕
ψ
Sel(Q,Ad(ρGµ )⊗ ψ)
whose kernel and cokernel are both annihilated by pk (for k = 0, the kernel and cokernel are both zero).
Here ψ runs through the irreducible representations of ∆k. From this we see FBk(Sel(Qk,Ad(ρ
G
µ ))
∗) =
FB(Sel(Q,Ad(ρ
G
µ ))
∗)Bk up to (multiplication by) a factor a power of p. This, combined with Corollary 4.16
and Theorem 4.21, gives the following.
Corollary 4.22. The assumptions as in the above theorem, then for any prime ideal P in Bk of height one,
we have the following identity of ideals in (Bk)P , up to a multiplicative factor a power of p
((
Lalgp (Ad(ρGµ ), S)
Sn−1
B∞)Γk)P = Ik(cλ˜kBk)P .
We can use this theorem to deduce the structures of the Selmer groups Sel(Q∞,A
j(ρµ)), as we will do in
the following subsections.
4.3. Case Sel(Q∞,A
1(ρµ)). To treat this case we can take G = GL2. Note that A
1(ρµ) = Ad(ρµ) = Ad(ρ
G
µ ).
So we get from Theorem 4.21 and Corollary 4.22 the following theorem.
Theorem 4.23. Assume Big(ρπ), Dist(ρπ), RegU(ρπ) , L(Q,A
1(ρµ)) 6= 0 and that B is regular, then the
dual Selmer group Sel(Q∞,A
1(ρµ))
∗ is a finitely generated torsion B∞-module. Its characteristic power series
Lalgp (A1(ρµ), S) has a zero of order 1 at S = 0. Moreover for any prime ideal P in Bk of height one, we have
(up to a factor a power of p if k > 0)
((
Lalgp (A1(ρµ), S)
S
B∞)Γk)P = I
GL2
k (cλ˜◦k
Bk)P .
In the present case A1(ρµ), we can give an interpretation of the congruence ideal cλ˜◦
0
in terms of special
values of complex adjoint L-function L(Ad(π), s) of the automorphic representation π (see [Hi88b] or [Hi16,
Corollary 5.8(2)]).
Proposition 4.24. We assume Big(ρΠ) and p ∤ 6ϕ(N). Suppose that B → B/Pπ is the specialization to π,
then the ideal cλ˜◦
0
(mod Pπ) in B/Pπ is generated by
W (π)N (a+1)/2
L(Ad(π), 1)
Ω(+, π)Ω(−, π)
where W (π) is a non-zero complex number measuring the difference between the actions of the involution(
0 −1
N 0
)
and the complex conjugation on the representation π (see [Hi16, end of p.31] for the precise
definition of W (π)).
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Remark 4.25. In order to relate congruence ideals to special L-values, we need to introduced a notion of
cohomological congruence ideals. Let L+ be a totally real number field (not necessarily totally ramified at p)
and d = [L+ : Q]. We write Hd for the space eHd(Γ1(Np
∞);O) of p-adic ordinary Hilbert modular forms over
L+, localized at the maximal ideal of T◦L+ corresponding to the residue Galois representation ρπ. It is known
that Hd is a finitely generated free T◦L+-module. We then set H˜
d = Hd⊗Λ◦
L+
B. The specialization to π gives
a decomposition of the totally quotient ring Frac(T˜◦L+) into an algebra direct product Frac(T˜
◦
L+) = K ×X.
Correspondingly, there is the decomposition of the cohomological group
Frac(T˜◦L+)H˜
d = H˜dπL+
× H˜dX .
Then we define M cohX to be the kernel of the map H˜
d → Frac(T˜◦L+)H˜
d → H˜dπL+
. Similarly, we define M cohπL+
to be the kernel of the map H˜d → Frac(T˜◦L+)H˜
d → H˜dX . The morphism λ˜
◦
L+ : T˜
◦
L+ → A˜ is similarly defined
as those λ˜◦k. Then the cohomological congruence module C
coh
0 (λ˜
◦
L+) is defined to be any of the following
isomorphic T˜◦L+-modules
(H˜dπL+
× H˜dX)/H˜
d ≃ H˜dπL+
/M cohπL+
≃ H˜dX/M
coh
X .
The cohomological ideal ccoh
λ˜◦
L+
is then defined to be the ideal of annihilators AnnB(C
coh
0 (λ˜
◦
L+)). One can
easily show cλ˜◦
L+
H˜dπL+ ⊂M
coh
πL+
which implies ccoh
λ˜◦
L+
|cλ˜◦
L+
. Moreover if T◦L+ is Gorenstein, then c
coh
λ˜◦
L+
= cλ˜◦
L+
.
We use cohomological congruence ideals because it is more accessible to relate the cohomological congruence
ideal to special L-values than relating congruence ideals to special L-values. In fact, if the following conjecture
is true, we can show that ccoh
λ˜◦
L+
(mod Pπ) is generated by the quotient
L(Ad(πL+ ),1)
Ω(+,πL+)Ω(−,πL+ )
in O.
Conjecture 4.26. Hd is a free T◦L+-module of rank 2
d.
This conjecture has been proved in a recent article of J.Tilouine and E.Urban (See [TU17, Proposition 2])
for the automorphic representation π generated by an elliptic primitive cuspidal eigenform f of weight k = a+
2 ≥ 2, of conductor N , ordinary at p, under the hypotheses: Big(ρπ|ΓL+ ), Dist(ρπ|ΓL+ ), RegU(ρπ|ΓL+ ), p−
1 > d(a+1) and p unramified in L+/Q. For similar results, we refer the reader to [Dia98, Dim05, Gh02, Gh10].
4.4. Case Sel(Q∞,A
n−1(ρµ)) (n > 2). We write G = Gn/Q and G
′ = Gn−1/Q. For n > 2, we assume that
the Langlands functorialities Symr−1 : GL2/Q → GLr/Q are established for r = n, n − 1. So we have the
following maps induced by these Langlands functorialities.
T˜Gk T˜
◦
k T˜
G′
k
B
θ˜Gk
λ˜Gk
λ˜◦k
θ˜G
′
k
λ˜G
′
k
By Proposition 4.2, we have the following decomposition of congruence ideals
cλ˜Gk
= cλ˜◦k
λ˜◦k(cθ˜Gk
), cλ˜G′k
= cλ˜◦k
λ˜◦k(cθ˜G′k
).
Recall the following result from representation theory: let St be the standard representation of the general
linear group GL2(W ) where W is a field of characteristic 0. Then we have the following decomposition of
representations of GL2(W ):
Ad(Symn−1St) =
n−1⊕
j=1
(Sym2j ⊗ det−j)St =
n−1⊕
j=1
Aj(St).
From this, we have the following decomposition of representations of ΓQk
Ad(ρGµ ) = Ad(ρ
Gn
µ ) =
n−1⊕
j=1
Aj(ρµ) = Ad(ρ
G′
µ )
⊕
An−1(ρµ),
which gives the following decomposition of Selmer groups
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Sel(Qk,Ad(ρ
G
µ )) = Sel(Qk,Ad(ρ
G′
µ ))
⊕
Sel(Qk,A
n−1(ρµ)).
We apply Theorem 4.21 and Corollary 4.22 to G′ and to G. Using the above decomposition of congruence
ideals and Selmer groups, one can show the following result.
Theorem 4.27. Assume Big(ρΠG), Dist(ρΠG), RegU(ρΠG), L(Q,Ad(ρ
Gr
µ )) 6= 0 for both r = n, n − 1 and
that B is regular. Then the Selmer group Sel(Q∞,A
n−1(ρµ))
∗ is a finitely generated torsion B∞-module. Its
characteristic power series Lalgp (An−1(ρµ), S) has a zero of order 1 at S = 0. Moreover, for any prime ideal
P in Bk of height one, we have (up to a factor a power of p if k > 0)
((
Lalgp (An−1(ρµ), S)
S
B∞)Γk)P =
IGk
IG
′
k
(λ˜◦k(cθ˜Gk
)Bk)P
(λ˜◦k(cθ˜G′k
)Bk)P
5. Comparison of L-invariants
The L-invariants of p-adic L-functions were introduced in [MTT86, Conjecture BSD (p)-exceptional case]
(though the phenomenon already appeared in [FG78]). Later R.Greenberg gave a conjectural formula for
the L-invariant of a p-adic ordinary Galois representation (under some more conditions, see [Gr94, Section 3,
The L-invariant]). In [HJ17], the L-invariants of symmetric powers of p-adic Galois representations attached
to Iwahori level Hilbert modular forms (under some technical conditions) are given in terms of logarithmic
derivatives of Hecke eigenvalues.
We use notations as in the last subsection. Let’s first recall the conjecture on the L-invariants (for the
definitions of various objects in the conjecture, see [Gr94]):
Conjecture 5.1. Let V be a p-adic ordinary exceptional Galois representations. Assume also that the
hypotheses S, T and U are all satisfied. Write Lp(V, S) for the (conjectured) p-adic L-function of V . Then
there is a constant LGr(V ) ∈ Cp − {0} such that
lim
S→0
Lp(V, S)
Se
= LGr(V )ε′(V )
L∞(V, 0)
ΩV
.
where e is the order of the trivial zero of Lp(V, S) at S = 0, ε
′(V ) is a certain product of Euler-like factors
and ΩV is the Deligne period of V .
We first give a summary of [HJ17], mainly Section 4: computing the L-invariants (the authors of [HJ17]
work with eigenvarieties, instead of Hida families. We will show how to fit their result to our situation of
Hida families). This is also to fix some notations. For completeness, we reproduce part of [HJ17, Section 1].
For a real number r such that 0 ≤ r < 1, let Rr be the set of power series f(x) =
∑∞
k=−∞ akx
k holomorphic
for r ≤ |x|p < 1 with ak ∈ Qp. Then we write R =
⋃
r<1R
r for the Robba ring (over Qp). There are actions
of a Frobenius ϕ and Γ = Gal(Q∞/Q) given as follows: for any f(x) ∈ R, (ϕf)(x) = f((1 + x)
p − 1) and
(τf)(x) = f((1 + x)χ(τ) − 1) for any τ ∈ Γ and χ the p-adic cyclotomic character. For any finite extension
L/Qp, we define RL = R⊗̂QpL. Similarly, for an affinoid algebra S over Qp, we can define RS. We can
extend the actions of ϕ and Γ to RL and RS . A (ϕ,Γ)-module over RL is a free RL-module DL of finite
rank, equipped with a ϕ-semi-linear Frobenius map ϕDL and a semi-linear action of Γ which commute with
each other and the induced map ϕ∗DLDL = DL ⊗ϕ RL → DL is an isomorphism. Similarly, a (ϕ,Γ)-module
over RS is a vector bundle DS over RS of finite rank, equipped with a semi-linear Frobenius ϕDS and a semi-
linear action of Γ, which commute with each other and the induced map ϕ∗DSDS → DS is an isomorphism.
For any character δ : Q×p → S
×, we define the twisted Robba module RS(δ) to be the (ϕ,Γ)-module RSeδ
with basis eδ such that the semi-linear Frobenius ϕ on RS(δ) is ϕ(xeδ) = ϕ(x)δ(p)eδ and for any τ ∈ Γ,
τ(xeδ) = τ(x)δ(χ(τ))eδ . We say that a (ϕ,Γ)-module DS is trianguline if there is an increasing filtration
F iDS on DS such that the graded pieces are isomorphic to some RS⊗SM for a character δ and an invertible
sheaf M over S. Let D†rig,L be the functor associating to an L-linear continuous representation of ΓQp a
(ϕ,Γ)-module over RL. Then D
†
rig,L induces an equivalence of categories between the category of L-linear
continuous representations of ΓQp and the category of slope 0 (ϕ,Γ)-modules over RL. Similarly, we can
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define the functor Dst which associates to V a semi-stable (ϕ,Γ)-modules over RL (for the definitions of
these two functors, see [Ber02]).
Let ρV : ΓQ → GL(V ) be a continuous p-adic representation of ΓQ, unramified outside a finite set of places
of Q and potentially semi-stable at p. For any finite prime l ∤ p∞, we set H1f (Ql, V ) = Ker(H
1(Ql, V ) →
H1(Il, V )). We then define H
1
f (Qp, V ) = Ker(H
1(Qp, V ) → H
1(Qp, V ⊗Qp Bcris)) ≃ H
1
f (D
†
rig(V )) and
H1f (R, V ) = H
1(R, V ). Write S for the finite set of places of Q including the ramified places of V and
p, ∞. Now we set (ΓQ,S is the Galois group for the maximal extension of Q unramified outside S)
H1f (V ) = Ker(H
1(ΓQ,S, V )→
∏
v∈S
H1(Qv, V )/H
1
f (Qv, V )).
A regular submodule D of Dst(V ) is a (ϕ,Γ)-module such that D ≃ Dst(V )/F
0Dst(V ). For each such
regular submodule D, there is a filtration F iDst(V ) on Dst(V ) (see [Ben11, Section 2.1.4]). This filtration
in turn induces a filtration F iD†rig(V ) on D
†
rig(V ) given by the intersection F
iD†rig(V ) = D
†
rig(V )
⋂
(F iD⊗Qp
RL[1/ log(1 + x)]). The exceptional subspace W of V is defined to be W = F
1D†rig(V )/F
−1D†rig(V ).
If we assume conditions C1 and C2 in [Ben11, Section 2.1.2], we have an isomorphism
H1(ΓQ,S , V ) ≃
⊕
v∈S
H1(Qv, V )/H
1
f (Qv, V ).
With this isomorphism, we define H1(D,V ) to be the unique subspace of H1(ΓQ,S, V ) whose image under
this isomorphism is H1(F 1D†rig(V ))/H
1
f (Qp, V ). The natural map H
1(ΓQ,S , V ) → H
1(Qp, V ) gives rise to a
commutative diagram
H1(D,V )
H1(W ) H1(gr1D†rig(V ))
κD
κD
From this diagram, assuming the condition C5 (see [Ben11, Section 2.1.9]), we get the following one
Dst(gr
1D†rig(V )) H
1
f (gr
1D†rig(V ))
H1(D,V ) H1(gr1D†rig(V ))
Dst(gr
1D†rig(V )) H
1
c(gr
1D†rig(V ))
iD,f
∼
ρD,f
κD
ρD,c
pD,f
pD,c
iD,c
∼
here for the isomorphisms iD,f and iD,c and the projections pD,f and pD,c, see [Ben11, Section 1.5.10].
Then D.Benois gave the definition of the L-invariant as follows (see [Ben11, pp.1599-1600])
Definition 5.2. The following determinant is the L-invariant associated to V and D
L(D,V ) = det
(
ρD,f ◦ ρ
−1
D,c
)
.
Explicitly, we have the following formula (see [HJ17, Lemma 3]).
Lemma 5.3. Let Vp = V |ΓQp . Suppose that gr
1D†rig,L(Vp) ≃ R. Let H
1(R) ≃ H1f (R) ⊕ H
1
c(R) with basis
x = (−1, 0) and y = (0, logp χ(γ)). Suppose that c ∈ H
1(D, ρV ) is such that the image of c in H
1(gr1D
†
rig(Vp))
is ξp = apx+ bpy with bp 6= 0. Then
L(D,V ) =
ap
bp
.
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With this formula, we can start the computation of L-invariants as in [HJ17, Section 4] in terms of
derivatives of Hecke eigenvalues with respect to weights. Recall that we place ourselves over the base field Q
and we are working with π, a non-CM cuspidal holomorphic automorphic form over GL2(AQ), cohomological
for a local system of highest weight a > 0. Let Π0 be the transfer from GL2/Q to Gn+1. Then Π0 is of
cohomological weight (na, (n−1)a, . . . , a, 0). Then there is an eigenvariety E over the weight space Λ0 = Λ
Gn+1
0
together with a Galois representation ρE : ΓQ → GLn(OE ) interpolating the Galois representations attached
to the classical regular points on E (including the Galois representation ρΠ0 associated to the automorphic
form Π0). Then ρE |ΓFp admits a triangulation with graded pieces R(δi) such that δi(u) = u
κi for u ∈ Z×p and
δi(p) = Fi where κi = −(n + 1 − i)a + i and Fi = p
(n−1)/2−iai where ai = θ(Ui) is analytic over E (for this
result, see [HJ17, Corollary 24] or [BC09]).
Now let D be any regular submodule of the Galois representation Dst(A(ρπ)). Suppose that there is a
point z0 ∈ E specializing to Π0 (i.e. z0 ◦ E ≃ Sym
nρπ). Assume that z0 corresponds to the p-stabilization of
(Π0)p coming from the p-stabilization of πp giving rise to the regular submodule D. Assume moreover that
there exists global analytic triangulation of D†rig(ρE |ΓQp ) with graded pieces R(δi).
First it is easy to show the following (see [HJ17, Lemma 25])
Lemma 5.4. Let ~Y be a direction in Λ0 and let ∇~Y ρE be the tangent space to ρE in the
~Y -direction, which
makes sense under the assumption that E → Λ0 is e´tale at z0. Then c~Y = (z0 ◦ ρE )
−1∇~Y ρE is a cohomology
class in H1(Q,End(z0 ◦ ρE)) and the natural projection c~Y ,j ∈ H
1(Q,Aj(ρπ)) lies in fact in the cohomology
group H1(D,Aj(ρπ)) for any 1 ≤ j ≤ n.
Before giving an explicit formula for c~Y ,j, we need to understand what this projection looks like. This is
given by the following lemma (see [HJ17, Proposition 33])
Proposition 5.5. Let V be the standard representation of GL2 with basis (e1, e2) and V
m = SymmV has
basis (gm,0, gm,1, . . . , gm,m) where gm,l = (e1)
m−l(e2)
l. Suppose that T ∈ End(SymmV ) has an upper triangular
matrix with diagonal entries (a0, a1, . . . , am) with respect to this basis. Then the projection of T to V2k is(
∗ · · · ∗ ,
m∑
i=0
Mm,k,iai, 0 · · · 0
)
with respect to the basis (g2k,i)i of V2k where
(5.1) Mm,k,i =
∑
a
(−1)a
m!(m− i+ a)!(i+ k − a)!
a!(i− a)!(k − a)!(m− i− k + a)!
.
Mm,k,i =
∑
a
(−1)a
m!(m− i+ a)!(i+ k − a)!
a!(i− a)!(k − a)!(m− i− k + a)!
.
Here the explicit coordinate is the middle one, i.e. the coefficient of g2k,k and a runs through N such that
max(0, i + k −m) ≤ a ≤ min(i, k).
With this explicit expression in hand, we can give the formula for the L-invariants L(D,Aj(ρπ)) (see [HJ17,
Proposition 26]).
Proposition 5.6. Suppose that in the graded pieces R(δi), we have δi(u) = u
κi and δi(p) = Fi. Then
L(D,Aj(ρπ)) = −
∑
iMn,j,i−1(∇~Y Fi)/Fi∑
iMn,j,i−1∇~Y κi
as long as this formula makes sense (i.e. the denominator does not vanish).
Now that we have given a summary of the main computation in [HJ17], we can use their results to calculate
our L-invariants. Indeed, by [Ge10, Corollary 2.7.8], the Galois representation V = ρR0 = ρT0 : ΓQ → Gn+1(T0)
is upper triangular when restricted to ΓQp . More precisely, Vp = V |ΓQp admits a triangulation with graded
pieces R(δi) such that δi(u) = u
κi for u ∈ Z×p and δi(p) = Fi where κi = −λi+ i and Fi = p
(n−1)/2−iui. Next
we should choose a regular submodule D of Dst(A
j(ρπ)). By [HJ17, Section 2.2] for the case V non-split
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and ordinary or [Ben11, Remark 2.2.2(2)], we can take D = Dst(F
−1Aj(ρπ)). By [Ben11, Remark 2.2.2(2)],
the L-invariant L(D,Aj(ρπ)) of Benois reduces to the L-invariant of Greenberg when V is ordinary (note
that the L-invariant of Benois for an ordinary Galois representation V uses the Bloch-Kato Selmer groups,
while the L-invariant of Greenberg uses the Greenberg Selmer groups. So [Ben11, Remark 2.2.2(2)] says that
even though the calculations for these two L-invariants of an ordinary representation V use different Selmer
groups, the results are the same). So the L-invariant of (Aj(ρπ),D) of Greenberg/Benois is given by
LGr(Aj(ρπ)) := L(D,A
j(ρπ)) = −
∑
iMn,j,i−1(∇~Y Fi)/Fi∑
iMn,j,i−1∇~Y κi
.
Note that in [HJ17], for the existence of a triangulation of the Galois representation ρE , we should assume
that α/β is not a p-power root of unity. Here we do not need this condition since the existence of the
triangulation is guaranteed by [Ge10, Corollary 2.7.8].
Let w0 = (n(a+ 1), (n− 1)(a+ 1), ..., a+ 1, 0) be the weight in Λ
Gn+1
0 corresponding to the representation
Π
Gn+1
0 . We still write z0 for a point in Spec(A
Gn+1
0 ) over w0 corresponding to the specialization to Π
Gn+1
0 .
Then z0 ◦ρ
Gn+1
µ = Sym
nρπ. Since the Hida family A
Gn+1
0 is e´tale over Λ
Gn+1
0 at the point z0, for any direction
~Y in Spec(Λ
Gn+1
0 ), it makes sense to define the tangent space ∇~Y ρ
Gn+1
µ to ρ
Gn+1
µ in the ~Y -direction. We can
summarize the above results in the following proposition.
Proposition 5.7. Assume that the A
Gn+1
0 -linear Galois representation µ
Gn+1
0 ◦ ρTGn+1
0
, when restricted to
Γp, is conjugate to an upper triangular representation and has diagonal entries δ1, δ2, . . . , . . . , δn+1 such that
δi(u) = u
κi for any u ∈ Ip and δi(Frobp) = Fi for all j = 1, 2, . . . , n + 1. Then for any j = 1, 2, . . . , n, we
have
(5.2) LGr(Aj(ρπ)) = z0(−
∑n+1
i=1 Mn,j,i−1∇~Y logFi∑n+1
i=1 Mn,j,i−1∇~Y κi
)
as long as this formula makes sense.
Note that the Fi in Proposition 5.6 is an element in Qp while the Fi in the above proposition is an element
in A
Gn+1
0 . Yet the Fi in Proposition 5.6 is just the image of the Fi in the above proposition under the
specialization z0 : A
Gn+1
0 → O →֒ Qp. So it will be clear from the context which Fi we’are using.
By [Ge10, Corollary 2.7.8], the assumption in the above proposition is clearly satisfied.
We now compare our L(Q,Ad(ρ
Gn+1
µ )) with LGr(Aj(ρπ)) in the above proposition, which is the main result
of this section.
Theorem 5.8. Fix an integer n > 0. Assume that all the hypotheses in Theorems 4.27 are satisfied, we have
n∏
j=1
LGr(Aj(ρπ)) = z0(L(Q,Ad(ρ
Gn+1
µ ))).
Proof. To simplify notations, we write LGrj = −
∑n+1
i=1 Mn,j,i−1∇~Y logFi∑n+1
i=1 Mn,j,i−1∇~Y κi
and L = L(Q,Ad(ρ
(Gn+1)
µ )).
In the universal deformation (R
Gn+1
0 , ρ
Gn
0 ), the diagonal entries of the Galois representation ρ
Gn+1
0 |Γp are
ψ0,1, ψ0,2, . . . , ψ0,n+1. So under the morphism R
Gn+1
0 → A
Gn+1
0 , ψ0,n+2−i(Frobp) is taken to Fi for i =
1, 2, . . . , n + 1 (moreover, under the morphism A
Gn+1
0 → B, Fi is taken to 1 + T0,i by the definition of T0,i.
This will be used later).
Note that LGrj (1 ≤ j ≤ n) are independent of the choice of the direction
~Y (as long as the expression
makes sense).
We choose n linearly independent directions in the weight space Spec(Λ
Gn+1
0 ):
~Y1, ~Y2, . . . , ~Yn, each having
components as ~Yi = diag(Yi,1, . . . , Yi,n+1) = diag(0i−1, 1, 0n−i,−1) where 1 ≤ i ≤ n (the choice of these
directions ~Yi corresponds to the basis (d log(1+X0,n+1)−d log(1+X0,i)
n
i=1 of the free B-module ΩΛ0/Λ∞,0⊗B).
Since LGrj is independent of the directions
~Yi, applying the n directions to the expression for L
Gr
j , we have
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the following identity of matrices (we write ∂′Fi for ∂ logFi and ∂
′′X0,i for ∂ log(1 +X0,i))
−diag(L1, . . . ,Ln)


Mn,1,0 · · · Mn,1,n
...
. . .
...
Mn,n,0 · · · Mn,n,n




Y1,1 · · · Yn,1
...
. . .
...
Y1,n+1 · · · Yn,n+1

 =


Mn,1,0 · · · Mn,1,n
...
. . .
...
Mn,n,0 · · · Mn,n,n




∂′F1
∂′′X0,1
· · · ∂
′F1
∂′′X0,n+1
...
. . .
...
∂′Fn+1
∂′′X0,1
· · · ∂
′Fn+1
∂′′X0,n+1




Y1,1 · · · Yn,1
...
. . .
...
Y1,n+1 · · · Yn,n+1


Written in symbols, this identity becomes −LMY =MFY . Note that
n+1∑
j=1
Yi,j = 0,
n+1∑
j=1
logFj = 1.
The above identity of matrices becomes
− diag(L1, . . . ,Ln)


Mn,1,0 −Mn,1,n · · · Mn,1,n−1 −Mn,1,n
...
. . .
...
Mn,n,0 −Mn,n,n · · · Mn,n,n−1 −Mn,n,n




Y1,1 · · · Yn,1
...
. . .
...
Y1,n · · · Yn,n

 =


Mn,1,0 −Mn,1,n · · · Mn,1,n−1 −Mn,1,n
...
. . .
...
Mn,n,0 −Mn,n,n · · · Mn,n,n−1 −Mn,n,n




∂′F1
∂′′X0,1
− ∂
′F1
∂′′X0,n+1
· · · ∂
′F1
∂′′X0,n
− ∂
′F1
∂′′X0,n+1
...
. . .
...
∂′Fn
∂′′X0,1
− ∂
′Fn
∂′′X0,1
· · · ∂
′Fn
∂′′X0,n
− ∂
′Fn
∂′′X0,n+1




Y1,1 · · · Yn,1
...
. . .
...
Y1,n · · · Yn,n


Again written in symbols, the above identity becomes −LM ′Y ′ = M ′F ′Y ′. Note that now the matrices L,
M ′, Y ′ and F ′ are all of size n× n.
By the next lemma, we know that M ′ is invertible. By definition, Y ′ is also invertible (Y ′ = 1n×n), thus if
we take the determinants of both sides of −L′M ′Y ′ =M ′F ′Y ′, we get (−1)n detL′ = detF ′. In other words,
(−1)n
n∏
j=1
LGrj = detF
′.
Now let’s relate detF ′ to L. Recall that detF ′ = det( ∂
′Fi
∂′′X0,j
− ∂
′Fi
∂′′X0,n+1
), and by Definition 4.18, we have
L = det(
∂′′T0,i
∂′′X0,n+1
−
∂′′T0,i
∂′′X0,j
). Write the morphism φ : A
Gn+1
0 → B. Using the correspondence between Fi and
T0,i (that is, φ(Fi) = 1 + T0,i for 1 ≤ i ≤ n+1), we see that φ((−1)
n
∏n
j=1L
Gr
j ) = φ(detF
′) = (−1)nL. Thus
we conclude
n∏
j=1
LGr(Aj(ρπ)) = z0(detF
′) = z0(L(Q,Ad(ρ
Gn+1
µ ))).

Lemma 5.9. The matrix M ′ is invertible.
Proof. We first show that the matrix M has non-trivial determinant detM 6= 0.
We consider the standard representation V = C2p of the Lie algebra sl2(Cp). We fix a basis of sl2(Cp) as
H =
(
1 0
0 −1
)
, X =
(
0 1
0 0
)
and Y =
(
0 0
1 0
)
and the standard basis of V as e−1 =
(
0
1
)
and e1 =
(
1
0
)
. A
vector v is said to have H-weight λ if Hv = λv. So e−1 (resp. e1) has H-weight −1 (resp. 1).
The irreducible representations of dimension n+1 of sl2(Cp) are all isomorphic to Sym
nV = Cp〈(e−1)
n, (e−1)
n−1e1, . . . , (e1)
n〉.
Note that ei−1e
n−i
1 has H-weight n− 2i.
We first relate SymnV to its dual. The dual representation V ∗ of V has a dual basis e∗−1, e
∗
1. The
vector e∗−1 (resp. e
∗
1) has H-weight 1 (resp. −1). We can verify that the Cp-linear map φ : V → V
∗
given by e1 7→ −e
∗
−1, e−1 7→ e
∗
1 is sl2(Cp)-equivariant. This induces an sl2(Cp)-equivariant isomorphism
φn : Sym
nV → SymnV ∗, given by (e1)
n−i(e−1)
i 7→ (−1)n−i(e∗1)
i(e∗−1)
n−i.
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Note that these isomorphisms all preserve H-weights.
Next we relate the tensor product SymaV ⊗ SymbV to SymrV where r = a+ b, a+ b− 2, . . . , |a− b|. We
write Ξa,b,r : Sym
aV ⊗ SymbV → SymrV the non-trivial sl2(Cp)-equivariant projection as in [CFS95, Lemma
2.7.4].
From the above, we can define the projection φn,n,2k from Sym
nV ⊗SymnV ∗ = End(SymnV ) onto Sym2kV
for any k = 0, 1, . . . , n. This is given by
φn,n,2k = (−1)
n−k n!n!
(n− k)!
Ξn,n,2k ◦ (1⊗ φ
−1
n ).
More explicitly, let’s write φn,n,2k((e1)
n−i(ei−1) ⊗ (e
∗
1)
n−j(e∗−1)
j) = (−1)j
∑2k
w=0C
i,n−j,w
n,n,2k (e1)
2k−w(e−1)
w. By
definition, Ci,n−i,kn,n,2k is just the coefficient of (e1)
k(e−1)
k (of H-weight 0) in the projection of the vector
(e1)
n−i(ei−1)⊗(e
∗
1)
n−i(e∗−1)
i (ofH-weight 0) to the space Sym2kV . Since we have End(SymnV ) ≃ ⊕nk=0Sym
2kV
as representations of SL2(Cp), we see that ⊕
n
k=0φn,n,2k is an isomorphism from End(Sym
nV ) to the direct
sum ⊕nk=0Sym
2kV . Since all these φn,n,2k preserve H-weights, we deduce that the map ⊕
n
k=0φn,n,2k induces
an isomorphism between the subspace ⊕ni=0Cp(e1)
n−i(ei−1)⊗ (e
∗
1)
n−i(e∗−1)
i of End(SymnV ) and the subspace
⊕nk=0Cp(e1)
k(e−1)
k of ⊕nk=0Sym
2kV . Since the matrix (Ci,n−i,kn,n,2k )
n
i,k=0 is just the matrix for this isomorphism
under the given basis of these two subspaces, we see that the matrix (Ci,n−i,kn,n,2k )i,k is invertible.
By [HJ17, Proposition 33], we have Mn,k,i = (−1)
i
(n
i
)
Ci,n−i,kn,n,2k . It is easy to see that the matrix B is also
invertible.
By the formula (5.1), we see that Mn,0,i = n!,which is independent of i. This gives
detM = (−1)nMn,0,n detM
′.
Clearly, this shows that M ′ is invertible, which concludes the proof. 
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